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1. Methods of Proof and Some Notation

1.1
A B |notA notB | A=B (not B)=(not A)
F F T T T T
F T T F T T
T F F T F F
T T F F T T
1.2
A B |notA notB | A=B not (A and (not B))
F F T T T T
F T T F T T
T F F T F F
T T F F T T
1.3
A B | not (Aand B) | not A not B | (not A) or (not B))
F F T T T T
F T T T F T
T F T F T T
T T F F F F
1.4
A B | AandB A and (not B) | (A and B) or (A and (not B))
F F F F F
F T F F F
T F F T T
T T T F T
1.5

The cards that you should turn over are 3 and A. The remaining cards are irrelevant to ascertaining the
truth or falsity of the rule. The card with .S is irrelevant because S is not a vowel. The card with 8 is not
relevant because the rule does not say that if a card has an even number on one side, then it has a vowel on
the other side.

Turning over the A card directly verifies the rule, while turning over the 3 card verifies the contraposition.

2. Vector Spaces and Matrices

2.1
We show this by contradiction. Suppose n < m. Then, the number of columns of A is n. Since rank A is
the maximum number of linearly independent columns of A, then rank A cannot be greater than n < m,
which contradicts the assumption that rank A = m.

2.2

=: Since there exists a solution, then by Theorem 2.1, rank A = rank[Afb]. So, it remains to prove that
rank A = n. For this, suppose that rank A < n (note that it is impossible for rank A > n since A has
only n columns). Hence, there exists y € R", y # 0, such that Ay = 0 (this is because the columns of
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A are linearly dependent, and Ay is a linear combination of the columns of A). Let @ be a solution to
Az = b. Then clearly = + y # x is also a solution. This contradicts the uniqueness of the solution. Hence,
rank A = n.

<: By Theorem 2.1, a solution exists. It remains to prove that it is unique. For this, let  and y be
solutions, i.e., Ax = b and Ay = b. Subtracting, we get A(x —y) = 0. Since rank A = n and A has n
columns, then & — y = 0 and hence = y, which shows that the solution is unique.

2.3
Consider the vectors @; = [1,a;]" € R"1 i =1,... k. Since k > n + 2, then the vectors @, ..., a; must
be linearly independent in R™"*'. Hence, there exist o, ...y, not all zero, such that

k
E o;a; = 0.
i=1

The first component of the above vector equation is Zle a; = 0, while the last n components have the form

Zle a;a; = 0, completing the proof.

2.4
a. We first postmultiply M by the matrix

I, (0]
Mg Ik

Mok Ik I O | | O I,
My, i O M Ik My, O |’

Note that the determinant of the postmultiplying matrix is 1. Next we postmultiply the resulting product
by
0] Iy
I, O
O Im,k o Ik _ Ik o
My, O L. O] |O M|
Ik o 0 Ik:
det M = det det
o I,
det = +1.

The above easily follows from the fact that the determinant changes its sign if we interchange columns, as
discussed in Section 2.2. Moreover,

to obtain

to obtain
Notice that

where

det Qﬁ M(Z,kD — det(Iy) det (M) = det(Myp).

Hence,
det M = +det Mk,k~

b. We can see this on the following examples. We assume, without loss of generality that M,,_j , = O and
let My, = 2. Thus k = 1. First consider the case when m = 2. Then we have

v—| @ Imx|_ |0 1}
My, O 2 0
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Thus,
det M = —2 = det (_Mk,k) .

Next consider the case when m = 3. Then

0 1 0
O  In-y 0 0 1
det = det — 2 # det (—M.).
.2, ] e
2 0 0

Therefore, in general,
det M 7é det (_Mk,k)

However, when k = m/2, that is, when all sub-matrices are square and of the same dimension, then it is
true that
det M = det (_Mk,k’) .

See [121].
2.5
Let
A B
M =

and suppose that each block is k x k. John R. Silvester [121] showed that if at least one of the blocks is
equal to O (zero matrix), then the desired formula holds. Indeed, if a row or column block is zero, then the
determinant is equal to zero as follows from the determinant’s properties discussed Section 2.2. That is, if
A=B=0,0r A=C = 0, and so on, then obviously det M = 0. This includes the case when any three
or all four block matrices are zero matrices.

If B=0O or C = O then

A B
det M = det [C D]—det(AD).

The only case left to analyze is when A = O or D = O. We will show that in either case,
det M = det (—BC).

Without loss of generality suppose that D = O. Following arguments of John R. Silvester [121], we premul-
tiply M by the product of three matrices whose determinants are unity:

I, -I;||I, O||I, -I)|A B| |-C O
o I, ||I. I,||lOo I,||Cc Oo| | A B|
Hence,
dot A Bl |-C O
c o| A B
det (—C) det B
= det (—1Ij)det Cdet B.

Thus we have

A B
det [C 0] =det (—BC) = det (-CB).



2.6

We represent the given system of equations in the form Ax = b, where
Z1
11 2 1 1
A= , = "%, and b= .
1 -2 0 -1 T3 —2

Tyq

Using elementary row operations yields

A:1121—>1121,and
1 -2 0 -1 0 -3 -2 -2

1 1 2 1 1
[A’b] = —
1 -2 0 -1 -2

1 1 2 1 1
0 -3 -2 -2 -3’

from which rank A = 2 and rank[A, b] = 2. Therefore, by Theorem 2.1, the system has a solution.
We next represent the system of equations as

1 1 x| | 1—2x3 — 14
1 —2| (x| | -2+
Assigning arbitrary values to x3 and x4 (x5 = ds3, 4 = dy), we get
-1
X1 . 1 1 1— 2583 — Tq
za| |1 =2 —2 414
- 1]-2 -1 1-—- 23?3 — X4
T 30-1 1 —2 414

[t
—2d3 — 2d4

Therefore, a general solution is

T —3d3 — 3d4 -3 -3 0
2 2 2 2
v2| _ (l=gds—gda) -5 |75 g |
T3 d3 1 3 + 0 4+ 0 )
Ty dy 0 1 0
where d3 and d4 are arbitrary values.
2.7
1. Apply the definition of | — al:
—a if —a>0
|—al = <0 if —a=0
—(—a) if-a<0
—a ifa<0
= 0 ifa=0
a ifa>0
= lal.
2. If a > 0, then |a| = a. If a < 0, then |a|] = —a > 0 > a. Hence |a| > a. On the other hand, | —a| > —a
(by the above). Hence, a > —| — a| = —|a| (by property 1).
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3. We have four cases to consider. First, if a,b > 0, then a + b > 0. Hence, |a + b| = a + b = |a| + |b].
Second, if a,b > 0, then a + b < 0. Hence |a +b| = —(a +b) = —a — b= |a| + |b].
Third, if a > 0 and b < 0, then we have two further subcases:

1. If a+b >0, then |a + b] = a+ b < |a| + |b].
2. Ifa+b<0, then |a+ b = —a —b < |a] + |b].

The fourth case, a < 0 and b > 0, is identical to the third case, with a and b interchanged.
4. We first show |a — b| < |a| + |b|. We have

la—bl = la+(-b)|
la| 4+ | — b] by property 3

IN

la| + |b] by property 1.

To show [|a| —[b]| < |a—b]|, we note that |a| = |a —b+b| < |a—b|+b|, which implies |a| — |b| < |a—b|. On the
other hand, from the above we have |b| — |a| < |b — a| = |a — b| by property 1. Therefore, ||a| — [b|| < |a — b

5. We have four cases. First, if a,b > 0, we have ab > 0 and hence |ab| = ab = |al[b|. Second, if a,b < 0,
we have ab > 0 and hence |ab| = ab = (—a)(=b) = |a||b|. Third, if a <0, b < 0, we have ab < 0 and hence

|ab] = —ab = a(—b) = |a||b|. The fourth case, a < 0 and b > 0, is identical to the third case, with a and b
interchanged.
6. We have
la+b < J|a|+ b by property 3
< c+d.

7. =: By property 2, —a < |a| and a < |a. Therefore, |a| < b implies —a < |a| < b and a < |a| < b.
<: If a >0, then |a] =a < b. If a <0, then |a| = —a < b.
For the case when “<” is replaced by “<”, we simply repeat the above proof with “<” replaced by “<”.
8. This is simply the negation of property 7 (apply DeMorgan’s Law).
2.8
Observe that we can represent (x,y)s as

2 3
(@, y)s =’ [3 5] y=(Qz) (Qy) ==z'Q,
where
1 1
Note that the matrix Q = Tis nonsingular.

1. Now, (z,z)s = (Qz) T (Qz) = ||Q=||*> > 0, and

(@2)=0 & [Qz|>=0
& Qr=0
& =0
since @ is nonsingular.
2. (z,y)2 = (Qx) " (Qy) = (Qy) " (Qx) = (y,x)2.
3. We have
({@+y,z)p = (2+y) Q%

— $7Q2z+yTQ2z
= <.’E,Z>2 + <y,Z>2.
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4. (rz,y)o = (rz) Q°y =z’ Q’y = r(z,y)>.

2.9

We have ||z|| = |[(x —y) + y|| < || —y]|| + ||y|| by the Triangle Inequality. Hence, ||| — ||y| < ||z —y]||. On
the other hand, from the above we have [ly|| — [|z|| < ||y — z|| = ||z — y[|. Combining the two inequalities,
we obtain |[|z|| — [[y[[| < ||z — y||.

2.10

Let € > 0 be given. Set § = €. Hence, if || — y|| < d, then by Exercise 2.9, |||z] — |y||| < ||z —y|| < d =e.

3. Transformations

3.1
Let v be the vector such that x are the coordinates of v with respect to {ej,es,...,e,}, and @’ are the
coordinates of v with respect to {e], €5, ..., el }. Then,
v=x1€1+ -+ Tpe, = [e1,...,e]T,
and
v=2zle| +---+ale =le,... el
Hence,
[61, ceey en}m = [ella SR e{n]m/
which implies
' =e),....e | el,...,e )z =Tx.
3.2
a. We have
1 2 4
[6/1561276213] = [61762763] 3 -1 5
-4 5 3
Therefore,
-1
1 2 4 1 28 —14 -—14
T =le},ehef] e en el = | 3 —1 5| =129 -19 -7
-4 5 3 —11 13 7
b. We have
2 3
[61762783] = [8/173/2782’)] 1 -1 0
4 5
Therefore,
1 2 3
T=1]1 -1 0
3 4 5
3.3
We have
2 2 3
[e1,es,e3] = [e],eh,es] | 1T —1 0
-1 2 1



Therefore, the transformation matrix from {ef, e, e5} to {e1,eq, e3} is

2 2 3
T=|1 -1 of,
-1 2 1

Now, consider a linear transformation L : R® — R3, and let A be its representation with respect to
{e1,eq,e3}, and B its representation with respect to {e}, e}, es}. Let y = Az and y' = Bx’. Then,

y =Ty =T(Az) =TA(T 'z') = (TAT ")z’

Hence, the representation of the linear transformation with respect to {e], e}, e} is

3 —-10 -8

B=TAT '=|-1 8 4

2 =13 -7

3.4
We have i
1 1 1 1
01 1 1
/A AV E

[61?62763764] - [61762763764] 00 1 1
0 0 0 1

Therefore, the transformation matrix from {e, es, e3,es} to {€], e}, es, e} is

1 -

1 1 11 1 -1 0 0
T_ 01 1 1 _ 0 1 -1 0

00 11 0 O 1 -1

0 0 01 0 O 0 1]

Now, consider a linear transformation L : R* — R% and let A be its representation with respect to
{e1,e2,€e3,e4}, and B its representation with respect to {e}, e}, es, e}}. Let y = Az and y' = Bax'.
Then,

y =Ty =T(Az) =TA(T 'z') = (TAT ")z’

Therefore,
) 3 4 3
BerAT ‘= |3 2 71 72
-1 0 -1 =2
1 1 1 4
3.5

Let {v1,v2,v3,v4} be a set of linearly independent eigenvectors of A corresponding to the eigenvalues Ap,
A2, Az, and Ay. Let T = [vq,vq,v3,v4]. Then,

AT = Afvy,vs,vs3,v4] = [Avy, Avg, Avs, Avy]
A0 0 O
0 X 0 O
= [A A A A =
[A1v1, Aav2, A3vs, Mva] = [v1, V2, U3, V4] 0 0 X O
0 0 0 M\
Hence,

A0 0

AT =T |0 X 0],

0 0 A3



or

M 00
T'AT =10 X 0
0 0 X3

Therefore, the linear transformation has a diagonal matrix form with respect to the basis formed by a linearly
independent set of eigenvectors.
Because
det(A)=A=2)(A=3)(A—=1)(A+ 1),

the eigenvalues are \y =2, Ay =3, A3 =1, and \y = —1.
From Awv; = \v;, where v; # 0 (i = 1,2, 3), the corresponding eigenvectors are

0 0 0 24
0 0 2 d -12
U1 = ) Vg = ) v3 = , an (O
T T R ) ! 1
0 1 1 9
Therefore, the basis we are interested in is
0 0 0 24
0 0 2 —12
{01502703} - 1 ) 1 ) —9 ’ 1
1 1 1 9
3.6
Suppose vq,...,v, are eigenvectors of A corresponding to Ai,...,A,, respectively. Then, for each i =
1,...,n, we have

(In — A)’UZ =vV; — A’Ui =v; — )\{Ui = (]. — /\Z)Uz
which shows that 1 — A1,...,1 — A, are the eigenvalues of I,, — A.
Alternatively, we may write the characteristic polynomial of I,, — A as

w1, —a(l—A) = det((1 — VI, — (I, — A)) = det(—[M,, — A]) = (—=1)"7a(N),

which shows the desired result.

3.7
Let ¢,y € V*, and a, § € R. To show that V' is a subspace, we need to show that ax + Sy € V*. For this,
let v be any vector in V. Then,

vi(ax+py)=av' x+ v y=0,

Tz = vy =0 by definition.

since v
3.8
The null space of A is N (A) = {w ER?: Az = 0}. Using elementary row operations and back-substitution,

we can solve the system of equations:

4 =2 0 4 =2 0 4 -2 0
4dr1 —2x9 = 0
2 1 —-1{—=1|0 2 -—-1{—1]10 2 -1 9 I
2 -3 1 0 -2 1 0 0 0 2o =
1
1 11 o 1
= LL‘2:§CE3, $1:§1’2:Z$3 = = T2 = | 5| T3
X3 1



Therefore,

3.9
Let ¢,y € R(A), and o, 8 € R. Then, there exists v, u such that * = Av and y = Au. Thus,

ax + fy = aAv + fAu = A(av + fu).

Hence, ax + fy € R(A), which shows that R(A) is a subspace.
Let ¢,y € N(A), and a, 3 € R. Then, Az =0 and Ay = 0. Thus,

A(ax + fy) = aAx + Ay = 0.

Hence, ax + By € N(A), which shows that N'(A) is a subspace.

3.10
Let v € R(B), i.e., v = Bz for some . Consider the matrix [A v]. Then, N(A") = N([A v]T), since if
u e N(AT), then u € N(B") by assumption, and hence w'v = u' Bz = ' B'u = 0. Now,

dimR(A) + dimN(AT) =m

and
dimR([A v]) + dim N ([A v]T) =m.

Since dimAN (A ") = dim N ([A v]T), then we have dimR(A) = dim R([A v]). Hence, v is a linear combi-
nation of the columns of A, i.e., v € R(A), which completes the proof.

3.11
We first show V' C (VJ‘)J‘. Let v € V, and w any element of V. Then u'v = v'u = 0. Therefore,
ve (VHE

We now show (V*)+ c V. Let {a1,...,ax} be a basis for V', and {by,...,b;} a basis for (V*)L. Define
A =[a;---a;] and B = [b; --- by, so that V = R(A) and (V)+ = R(B). Hence, it remains to show
that R(B) C R(A). Using the result of Exercise 3.10, it suffices to show that N(A") ¢ N(B"). So let
x € N(A"), which implies that € R(A)* = V*, since R(A)L = N(AT). Hence, for all y, we have
(By)"Tx=0= y " Bz, which implies that B« = 0. Therefore, x € N(BT), which completes the proof.
3.12
Let w € W, and y be any element of V. Since V C W, then y € W. Therefore, by definition of w, we have
w 'y = 0. Therefore, w € V*.

3.13
Let r = dimV. Let vy,...,v, be a basis for V, and V' the matrix whose i¢th column is v;. Then, clearly
V=R(V).

Let wg, ..., Uy, be a basis for V1, and U the matrix whose ith row is uZT Then, V*+ = R(UT)7 and
V=WhHt=RU")L =N(U) (by Exercise 3.11 and Theorem 3.4).
3.14

a. Let £ € V. Then, £ = Px + (I — P)xz. Note that Px € V, and (I — P)x € V‘. Therefore,
x = Px + (I — P)x is an orthogonal decomposition of & with respect to V. However, x = 4 0 is also an
orthogonal decomposition of & with respect to V. Since the orthogonal decomposition is unique, we must
have x = Pz.

b. Suppose P is an orthogonal projector onto V. Clearly, R(P) C V by definition. However, from part a,
x = Px for all x € V, and hence V C R(P). Therefore, R(P) = V.

3.15
To answer the question, we have to represent the quadratic form with a symmetric matrix as

N Y I O I T ] A N S R J7
Aol T2l 1))t e 1 |T
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The leading principal minors are A; = 1 and Ay = —45/4. Therefore, the quadratic form is indefinite.

3.16

The leading principal minors are A1 = 2, Ay = 0, As = 0, which are all nonnegative.

However, the

eigenvalues of A are 0,—1.4641,5.4641 (for example, use Matlab to quickly check this). This implies that
the matrix A is indefinite (by Theorem 3.7). An alternative way to show that A is not positive semidefinite
is to find a vector @ such that " Az < 0. So, let = be an eigenvector of A corresponding to its negative
eigenvalue A = —1.4641. Then, " Az = =" (A\x) = Az = \|z|?> < 0. For this example, we can take
x = [0.3251,0.3251, —0.8881] ", for which we can verify that " Az = —1.4643.

3.17
a. The matrix @ is indefinite, since Ay = —1 and Az = 2.
b. Let ® € M. Then, x5 + x3 = —x1, 1 + 3 = —x2, and x1 + 92 = —x3. Therefore,
' Qx = x1(x0 + 23) + w221 + 23) + 23(21 + 22) = — (2 + 23 + 23).

This implies that the matrix @ is negative definite on the subspace M.

3.18
a. We have -
0 0 0| (=1
fx1,20,73) = 23 = [x1,22,23] [0 1 0O |2
_O 0 0 I3
Then,
0 0]
Q=101 0
0 0 0]
and the eigenvalues of @Q are \y = 0, A = 1, and A3 = 0. Therefore, the quadratic form is positive
semidefinite.
b. We have
1 0 —% T
fxy, w0, 3) = 22 + 203 — 2125 = [21,20,23) | O 2 0 T
-2 0 0] |z
Then,
1 0 -1
Q=0 2 0
-2 0 0

and the eigenvalues of Q are \; = 2, Ay = (1 — /2)/2, and \3 =

is indefinite.

c. We have

f(z1,20,23) = x% + x?)) 4+ 22129 + 22123 + 2T003 =

Then,

11 1
Q=11 0 1
11 1

(1++/2)/2. Therefore, the quadratic form

T
T2

[ R
—_ = =

1
(21,22, 23] |1
1 I3

and the eigenvalues of Q are A\; = 0, Ay = 1 — /3, and A3 = 1 + /3. Therefore, the quadratic form is

indefinite.
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3.19

We have
flry,20,23) = 423 + 22+ 93:% —4x129 — 6203 + 122123
4 -2 6 T1
= [.’Ehl'z,il}g] —2 1 —3 X2
6 -3 9 T3
Let
4 -2 6 T
Q = [-2 1 -3 5 T = |x9| =T1€1 + T2€2 + X3€3,
6 -3 9 T3

where e, e, and e3 form the natural basis for R3.

Let v1, v, and v3 be another basis for R, Then, the vector x is represented in the new basis as &, where
x = [v1,v9,v3]Z = V&.

Now, f(z) =2 ' Qx = (V&) Q(Va)=z' (V' QV)z = &' Q, where

du Gz ¢i3
Q= |G Go2 Go3
431 (32 g33

and ¢;; = v;Qu; fori,j =1,2,3.
We will find a basis {v1, v2,v3} such that ¢;; = 0 for ¢ # j, and is of the form

v = aji1€;
V2 = 1e] + qxees
v3 = «31€1 + a32e2 + (33€3

Because
dij = ’UiQ’Uj = ’UiQ(Otj1€1 + ...+ ajjej) = Oéj1(’UiQ€1) + ...+ O(jj(’Uier),
we deduce that if v;Qe; = 0 for j < 7, then v;Qv; = 0. In this case,
Gii = viQu; = v;Q(a1e1 + ...+ aye;) = i (v Qer) + ...+ i (Vi Qe;) = i (v Qe;).

Our task therefore is to find v; (i = 1,2, 3) such that

’UiQEj = 0, 7 <
viQei = ]-7
and, in this case, we get
11 0 0
Q=|0 axn 0
0 0 Q33

* Case of 1 = 1.
From v{ Qe; = 1,
(ar1e1) " Qer = ar1(ef Qer) = ariqir = 1.

Therefore,

Q] = — = — = — = V1 = ane; =
a1 Ar 4

—_
—
—_

O O O kI
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* Case of 1 = 2.

From v, Qe; =0,

(a21€1 + azzez)TQq = 0421(€IQ61) + azz(engl) = an1q11 + a22q21 = 0.

T _
From v, Qes =1,

(2161 + 052262)TQ62 = 0421(€1TQ62) + 0422(6;(262) = a1q12 + Q22qo2 = 1.

di1 Q21| | Q21 _
q12 422 Q22

But, since A, = 0, this system of equations is inconsistent. Hence, in this problem v] Qe; = 0 should
be satisfied instead of v4 Qes = 1 so that the system can have a solution. In this case, the diagonal
matrix becomes

Therefore,
0
1

11 0 0
Q=0 0 0|,
0 0 Q33

and the system of equations become

Qi1 Gar| Q21| _ 0 o | Q2| % a2,
Q12 Q22| | Q22 0 Q92 1

where asgs is an arbitrary real number. Thus,

Vo = (21€1 + (ipoeo =

S =N
8

where a is an arbitrary real number.
» Case of ¢ = 3.

Since in this case Az = det(Q) = 0, we will have to apply the same reasoning of the previous case and
use the condition ’U;Q(Eg, = 0 instead of v;Qeg = 1. In this way the diagonal matrix becomes

11 0 0
Q=0 00
0 0 0

Thus, from v3 Qe; = 0, v Qes = 0 and v Qes = 0,

g1 421 431 Q31 Q31 (o%:5]
qi12 422 432 Q32 = QT azx| =Q |as
q13 423 433 Q33 Q33 Q33
4 -2 6 Qa3 0
= -2 1 -3 Q32| = 0
6 -3 9 Qas3 0
Therefore,
a3 a3
aza | = | 2a31 + 3ags |,
Q33 Q33
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where ag; and asgz are arbitrary real numbers. Thus,

b
v3 = az1e; + azges +azzez = | 2b+ 3¢,
c
where b and c¢ are arbitrary real numbers.
Finally,
1
i 2 0
V =[z1,29,23) = |0 a 20+ 3c|,
0 0 c

where a, b, and ¢ are arbitrary real numbers.

3.20
We represent this quadratic form as f(z) = T Qx, where

1 ¢ -1
Q=1¢ 1 2
-1 2 5

The leading principal minors of Q are A; =1, Ay = 1 — €2, Ay = —5£2 — 4¢. For the quadratic form to

be positive definite, all the leading principal minors of @ must be positive. This is the case if and only if

&€ (—4/5,0).

3.21

The matrix Q@ = Q" > 0 can be represented as Q = Q/2Q'/?, where Q'/? = (Ql/z)—r > 0.
1. Now, (z,z)o = (Q"*2)T(Q"*x) = |Q"/*x|*> > 0, and

(@, 2)q=0 < [Qz|*=0
= QY%*z=0
& =0
since Ql/ 2is nonsingular.
2. (z,y)o=2"Qy=y'Q x=y'Qz = (y,z)o.
3. We have
(@+y2z)o = (@+y) Q=
2 Qz+y' Q=
(w’ Z>Q + <y7 Z>Q'

4. (re,y)g = (re) Qy=rx'Qy = r{x,Y)q.
3.22
We have

[Aloo = max{[|Az||ec : [[@[lcc =1}
We first show that || Alloc < max; > ,_, |aix|. For this, note that for each @ such that ||z|~ = 1, we have

n
Z Ak Tk
k=1
n
max Y _ |ai||zx]
! k=1

n
maXZ laix],
-
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since |zx| < maxy |xgx| = ||#]l = 1. Therefore,

n
1Al < max > Jaul.
! k=1

To show that ||Aljcc = max; Y ,_, |al|, it remains to find a & € R", ||Z|« = 1, such that |AZ|. =
max; y,_, |aik|. So, let j be such that

n n
> lajel = max y " Jal.
k=1 Yok=1
Define & by

1 otherwise -

- {|ajk/aj;€ if ajp, #0
T =
Clearly ||&||cc = 1. Furthermore, for i # j,

n
E ik Tk
k=1

n n

n
<> ai| < mgxz laie] =) lajil

k=1 k=1 k=1
and
n n
> ajede| =) lajel-
k=1 k=1
Therefore,
n n n
|AZ]| oo = max | > ainds| = Y |aj] = max Y |al.
! k=1 k=1 ! k=1
3.23
We have

[Ally = max{||Az]|y : [lz[l, = 1}.

We first show that || A||; < maxy Y ;- |a;|. For this, note that for each & such that ||z|; = 1, we have

m n
sl = 3|

=1 |k=1
m n
< DDl ol
i=1 k=1
n m
< D el Y laad
k=1 i=1
m n
< mkaxz aik|> ||
i=1 k=1
<

m
mkaxz laix],
i=1

since Y p_; |zk| = ||&|1 = 1. Therefore,

m
Al < max > Jais

i=1

14



To show that ||A|; = maxy > ., |ai|, it remains to find a & € R™, ||Z||; = 1, such that [[AZ|; =
maxy Y .o, |aix|. So, let j be such that

m m
Z la;;| = mgxz |aik|.
i=1

=1

Define & by

- 1 ifk=y
Ty = .
i 0 otherwise
Clearly ||Z||; = 1. Furthermore,

m

A =

i=1

n
E ik Ty

k=1

m m
= Z la;j| = m]?xz |aik]-
i=1 i=1

4. Concepts from Geometry

4.1
=: Let S = {x : Ax = b} be a linear variety. Let &,y € S and « € R. Then,

Alax+ (1 —a)y) =aAz+ (1 — o)Ay =ab+ (1 —a)b=0b.

Therefore, ax + (1 —a)y € S.

«<: If S is empty, we are done. So, suppose g € S. Consider the set So =S —xg = {x —xo : € S}.
Clearly, for all ,y € Sy and a € R, we have ax + (1 — @)y € Sy. Note that 0 € Sy. We claim that Sy
is a subspace. To see this, let ,y € Sy, and @ € R. Then, ax = axz + (1 — a)0 € Sy. Furthermore,
%:1; + %y € Sy, and therefore x + y € Sy by the previous argument. Hence, Sy is a subspace. Therefore, by
Exercise 3.13, there exists A such that So = N(A) = {x : Az = 0}. Define b = Axy. Then,

S = So+a:0:{y+a:0:y€/\/(A)}
= {y+zo: Ay =0}
= {y+xo: Ay +x) = b}
= {x:Az=>b}.

4.2
Let u,v € © = {x € R" : ||| < r}, and « € [0,1]. Suppose z = au + (1 — a)v. To show that O is convex,
we need to show that z € ©, i.e., ||z| < r. To this end,

Iz = (0w + (1 - a)oT)(au+ (1-a))
o|u + 2a(1 — a)uTv + (1 - a)? o]

Since u,v € O, then |lu||?> < r? and |Jv||? < r2. Furthermore, by the Cauchy-Schwarz Inequality, we have
u'v < |Jul||lv| < r?. Therefore,

||ZH2 <a’r?+ 2a(1 — 04)7"2 + (1 - a)2r2 — 2
Hence, z € ©, which implies that © is a convex set, i.e., the any point on the line segment joining w and v

is also in ©.

4.3
Let u,v € © = {& € R": Ax = b}, and « € [0, 1]. Suppose z = au + (1 — a)v. To show that © is convex,
we need to show that z € O, i.e., Az = b. To this end,

Az = A(cu+ (1-a)v)
= aAu+ (1 - a)Av.
15



Since u,v € ©, then Au = b and Av = b. Therefore,
Az =ab+ (1 —a)b=0b,

and hence z € ©.

4.4

Let u,v € © = {x € R" : & > 0}, and « € [0,1]. Suppose z = au + (1 — a)v. To show that © is convex,
we need to show that z € ©, i.e., z > 0. To this end, write * = [1,...,2,]", ¥ = [y1,...,yn]', and
z=1[21,...,2n] . Then, z; = ax; + (1 —a)y;, i =1,...,n. Since z;,; > 0, and o, 1 —a > 0, we have z; > 0.

Therefore, z > 0, and hence z € O.

5. Elements of Calculus

5.1
Observe that

|A*| < AR Al < [AR2Al? < - < (Al
Therefore, if ||A|| < 1, then limj_. ||A*|| = O which implies that limj_.., A* = O.

5.2
For the case when A has all real eigenvalues, the proof is simple. Let A be the eigenvalue of A with largest
absolute value, and @ the corresponding (normalized) eigenvector, i.e., Az = Ax and ||| = 1. Then,

Al = Az = [Az] = [Alll=] = [A],

which completes the proof for this case.
In general, the eigenvalues of A and the corresponding eigenvectors may be complex. In this case, we
proceed as follows (see [41]). Consider the matrix

A
B=
Al +¢

where ¢ is a positive real number. We have

1Al

1Bl = 77— —= <1
Al +e

By Exercise 5.1, B¥ — O as k — oo, and thus by Lemma 5.1, |\;(B)| < 1, i =1,...,n. On the other hand,
foreachi=1,...,n,

Xi(A)
A(B) = 282
B) = T4+ =
and thus (A
N(B)| = 20

which gives
Ai(A)] < [|All +e.

Since the above arguments hold for any € > 0, we have |\;(A)] < || A]|.
5.3

a. Vf(z)=(ab' +ba")z.
b. F(z)=ab' +ba’.

16



5.4

We have
Df(m) = [1’1/3,582/2],

dg 3
E(t) = lzl :

and

By the chain rule,

9rw) = Drtag) 2

= [(3t+5)/3,(2t —6)/2] m

= 5t—1
5.5
We have
Df(x) = [x2/2,21/2],
and
9 _ |4 9 _ |3
%( 7t)[2]7 m(vt)[ll
By the chain rule,
0 0
5:/(a(s) = Df(g(t) 5 (.1

1
= 5[25—1—15,45—!—315}

|

= &8s+ 5t,
and
0 dg
— t = D t))=(s,1
2 g(s1) = D)2 (s)
1
= 5[25+t,4s + 3t] ﬂ
= bs+ 3t
5.6
We have
Df(x) = [323wox3 + xa, 323 + 21, 203w013 + 1]
and
t t2
LT
dt "’ )

17



By the chain rule,

d
4 fat)
= D)% 1
et + 3t2
= [321 () wa ()23 (t)? + z2(t), z1(t)323(t)? + 21(t), 231 (t)3zo(t)23(t) + 1] 2t
1

= 12t(e’ + 3t%)% + 2te’ + 6¢% + 2t + 1.

5.7

Let € > 0 be given. Since f(x) = o(g(x)), then
@)
2—0 g(x)

Hence, there exists § > 0 such that if ||| < J, then

| £ ()]
g@) ~°

b

which can be rewritten as

1 (@)l < eg().

5.8
By Exercise 5.7, there exists ¢ > 0 such that if ||z| < J, then |o(g(x))| < g(x)/2. Hence, if ||z|| < 4§,  # 0,
then

1

fla) < —g(@) +o(9(@))] < —g(2) + 9(x)/2 = —5g(z) <0.

5.9
We have that

{x: fi(z) =12} = {z : 27 — 25 = 12},
and
{z: fa(x) =16} = {x : 20 = 8/11}.

To find the intersection points, we substitute zo = 8/z1 into z% — 23 = 12 to get z{ — 1227 — 64 = 0.
Solving gives 27 = 16, —4. Clearly, the only two possibilities for z; are x; = +4, —4, from which we obtain
r3 = +2, —2. Hence, the intersection points are located at [4,2]T and [—4,—2]T.

The level sets associated with fi(x1,x2) = 12 and fa(x1,z2) = 16 are shown as follows.

18



X2 \

fa(x1.x2) = 16
fl(Xl,Xz) =12
f1(x1.%2) = 12 +

13

12

+1

} } } } >
1 1 2 3\V12 X1
f2(X1,X2) =16
5.10
a. We have
f(@) = f(xo) + Df(zo)(x — o) + (T — mO)TDQf(mO)(x —To) +
We compute
Df(x) = [e7™,—x1e” " +1],
—_e %2
D*f(x) = l e

—e %2 gpieT %2

Hence,
-1 1 0 -1 -1
f(gg) = 2_,’_[170] [xl +*[l‘1—1,$2] l ] [xl + .-
T -1 1 To
1
= 14z +x2—x1x2+§x§+--~ .
b. We compute
Df(x) = [423 4 4x22, 42220 + 423),
1222 4 42
D) = |PtAn S |

8122 4y + 1225

Expanding f about the point x, yields
T, — 1 1 16 8 Tr1 — 1
= 448,8 —lry —1 -1
J(@) +[’]L:2—1 Faln Lo 1)) 16] ng—l *

= 822 + 823 — 162 — 1625 + Sxq29 + 12+ --- .
19



c. We compute

Df(a:) — [em—wz + eF1ta2 +1,—e"17%2 4 eT1ta2 +
eT1—T2 4 eT1tT2 —eT1— T2 | eT1tz2
D*f(z) =
—eT1 %2 eT1tz2 eF1—T2 4 eT1tT2

Expanding f about the point x, yields

3?1—1

f(x) 2+2e+[2e+1,1]

T2

1 % 0
Sz — 1
+glen =1z [0 26] [

= l+ai++as+e(l+ai+a3)+ .

20
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6. Basics of Unconstrained Optimization

6.1
a. In this case, =* is definitely not a local minimizer. To see this, note that d = [1,—2]T is a feasible
direction at z*. However, d' Vf(x*) = —1, which violates the FONC.

b. In this case, * satisfies the FONC, and thus is possibly a local minimizer, but it is impossible to be
definite based on the given information.

c. In this case, * satisfies the SOSC, and thus is definitely a (strict) local minimizer.
d. In this case, * is definitely not a local minimizer. To see this, note that d = [0,1]T is a feasible direction
at *, and d' Vf(z*) = 0. However, d' F(x*)d = —1, which violates the SONC.

6.2
Because there are no constraints on x; or zo, we can utilize conditions for unconstrained optimization. To
proceed, we first compute the function gradient and find the critical points, that is, the points that satisfy
the FONC,

Vf(z1,22) = 0.
The components of the gradient V f(z1,z2) are
of of
8—331::6%—4 and T@zx%—l&

Thus there are four critical points:

) = 2, ) = 2 , B = _2, and @ = _2.
4 —4 4 —4

We next compute the Hessian matrix of the function f:

2 0
F(x) = 1 .
0 21‘2
Note that F(z™) > 0 and therefore, (!) is a strict local minimizer. Next, F(x®)) < 0 and therefore,
x® is a strict local maximizer. The Hessian is indefinite at () and £®) and so these points are neither
maximizer nor minimizers.

6.3
Suppose z* is a global minimizer of f over ), and * € Q' C Q. Let @ € Q. Then, z € Q and therefore
f(x*) < f(x). Hence, * is a global minimizer of f over §'.
6.4
Suppose x* is an interior point of . Therefore, there exists € > 0 such that {y : ||y — *|| < e} C Q. Since
x* is a local minimizer of f over €2, there exists ¢’ > 0 such that f(z*) < f(x) forallx € {y : [|[y—x*| < &'}
Take ¢’ = min(e,e’). Then, {y: ||y —x*|| <&’} C &, and f(z*) < f(x) for all x € {y : |ly — =*| < "}.
Thus, * is a local minimizer of f over €.

To show that we cannot make the same conclusion if &* is not an interior point, let Q = {0}, ' = [-1,1],
and f(x) = z. Clearly, 0 € Q is a local minimizer of f over Q. However, 0 € ' is not a local minimizer of f
over (V.

6.5
a. The TONC is: if f(0) = 0, then f/(0) = 0. To prove this, suppose f”(0) = 0. Now, by the FONC, we
also have f/(0) = 0. Hence, by Taylor’s theorem,

f//l (0)

1) = 10 + %00 1 o),
Since 0 is a local minimizer, f(x) > f(0) for all x sufficiently close to 0. Hence, for all such z,
"
f (0)1}3 > o(x?’).

3!
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Now, if x > 0, then

23
which implies that f”/(0) > 0. On the other hand, if < 0, then
o(x?)

f7(0) < 3=

which implies that f”/(0) < 0. This implies that f”/(0) = 0, as required.

b. Let f(z) = —a*. Then, f'(0) =0, f”(0) = 0, and f"’(0) = 0, which means that the FONC, SONC, and
TONC are all satisfied. However, 0 is not a local minimizer: f(z) < 0 for all z # 0.

c. The answer is yes. To see this, we first write

L 1) 1)

3
2 3 T

f(@) = f(0) + f(0)
Now, if the FONC is satisfied, then

1" 0 " 0
1) = 10+ T2 10
Moreover, if the SONC is satisfied, then either (i) f”(0) > 0 or (ii) f”(0) = 0. In the case (i), it is clear from
the above equation that f(x) > f(0) for all = sufficiently close to 0 (because the third term on the right-hand
side is o(x?)). In the case (ii), the TONC implies that f(x) = £(0) for all z. In either case, f(z) > f(0) for
all z sufficiently close to 0. This shows that 0 is a local minimizer.

6.6
a. The TONC is: if f/(0) = 0 and f”(0) = 0, then f"”/(0) > 0. To prove this, suppose f/(0) = 0 and
f"(0) = 0. By Taylor’s theorem, for = > 0,

"
0
1) = 10+ %00 1 o),
Since 0 is a local minimizer, f(x) > f(0) for sufficiently small = > 0. Hence, for all > 0 sufficiently small,
o(x?)
fl/l(o) 2 3'?

This implies that f”/(0) > 0, as required.

b. Let f(z) = —x*. Then, f'(0) =0, f”(0) =0, and f"’(0) = 0, which means that the FONC, SONC, and
TONC are all satisfied. However, 0 is not a local minimizer: f(z) < 0 for all z > 0.

6.7

For convenience, let zg = @ +arg min,c, f(x). Thus we want to show that z¢ = argmin,cq, f(y); i.e., for
ally € O, fy —xo) > f(zo — x0). So fix y € Q. Then, y — xy € Q. Hence,

_ > i
fly—=z0) = minf(z)
= f <arg min f(:c))
e
= f(z0 — m0),
which completes the proof.
6.8
a. The gradient and Hessian of f are
1 3 3
\Y% = 2
o = ) 9




Hence, Vf([1,1]T) = [11,25] T, and F([1,1]7) is as shown above.

b. The direction of maximal rate of increase is the direction of the gradient. Hence, the directional derivative
with respect to a unit vector in this direction is

r T T T r
(@) gy - (VS0 )

T (T N IVF ()]l

IVf ()]l

At & = [1,1]T, we have |[Vf([1,1]T)]| = V112 + 252 = 27.31.
c. The FONC in this case is V f(x) = 0. Solving, we get

. [3/2

-1

The point above does not satisfy the SONC because the Hessian is not positive semidefinite (its determinant
is negative).

6.9
a. A differentiable function f decreases most rapidly in the direction of the negative gradient. In our problem,

T T
Vf(x)z[aa—gl BBTJ;} 2[23613;2—1—1‘% w%—l—wa%}

Hence, the direction of most rapid decrease is
-
vy (cc(o)) — [5 10} .

b. The rate of increase of f at (®) in the direction —V f (a:(o)) is

T -V (0)
o1 () ety = I (50) I -~V - =5V

c. The rate of increase of f at (9 in the direction d is

v (x<0>)T IIZH _ [5 10] m %: 11.

6.10
a. We can rewrite f as o

1 1|4 4 13

f(:c)72ac LL 5 T+ 4 +7.
The gradient and Hessian of f are
4 4 3]
v =
/(@) [4 NERENE

Fl@) — lj ‘21]

Hence V£([0,1]7) = [7,6] . The directional derivative is

1,07V (0,1]7) = 7.
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b. The FONC in this case is V f(x) = 0. The only point satisfying the FONC is

The point above does not satisfy the SONC because the Hessian is not positive semidefinite (its determinant
is negative). Therefore, f does not have a minimizer.

6.11
a. Write the objective function as f(x) = —2. In this problem the only feasible directions at 0 are of the
form d = [dy,0]". Hence, d' V£(0) = 0 for all feasible directions d at 0.

b. The point 0 is a local maximizer, because f(0) = 0, while any feasible point @ satisfies f(x) < 0.

The point 0 is not a strict local maximizer because for any x of the form = = [z1,0]", we have f(z) =
0 = f(0), and there are such points in any neighborhood of 0.

The point 0 is not a local minimizer because for any point x of the form = = [z, 2?] with z; > 0, we

have f(x) = —2] < 0, and there are such points in any neighborhood of 0. Since 0 is not a local minimizer,
it is also not a strict local minimizer.
6.12

a. We have Vf(x*) = [0,5]". The only feasible directions at z* are of the form d = [dy,ds]" with dy > 0.
Therefore, for such feasible directions, d' Vf(z*) = 5dy > 0. Hence, x* = [0,1]" satisfies the first order
necessary condition.

b. We have F(x*) = O. Therefore, for any d, d' F(x*)d > 0. Hence, * = [0,1] satisfies the second order
necessary condition.

c. Consider points of the form z = [z, —2? + 1], z; € R. Such points are in €2, and are arbitrarily close to
x*. However, for such points x # x*,

f(x) =5(—23 +1)=5—527 <5 = f(x*).

Hence, * is not a local minimizer.

6.13
a. We have Vf(x*) = —[3,0] . The only feasible directions at * are of the form d = [dy, ds]" with d; < 0.
Therefore, for such feasible directions, dTVf(ac*) = 3d; > 0. Hence, * = [2,0]" satisfies the first order
necessary condition.

b. We have F(x*) = O. Therefore, for any d, d' F(x*)d > 0. Hence, * = [2,0]" satisfies the second order
necessary condition.

c. Yes, * is a local minimizer. To see this, notice that any feasible point & = [z1,25]" # x* is such that

1 < 2. Hence, for such points « # x*,
fl®) = =321 > —6 = f(x¥).

In fact, «* is a strict local minimizer.

6.14
a. We have Vf(x) = [0,1], which is nonzero everywhere. Hence, no interior point satisfies the FONC.
Moreover, any boundary point with a feasible direction d such that do < 0 cannot be satisfy the FONC,
because for such a d, d'Vf (x) = ds < 0. By drawing a picture, it is easy to see that the only boundary
point remaining is £* = [0,1] 7. For this point, any feasible direction satisfies dy > 0. Hence, for any feasible
direction, dTVf(m*) =dy > 0. Hence, z* = [0, 1] satisfies the FONC, and is the only such point.

b. We have F(z) = O. So any point (and in particular * = [0,1]T) satisfies the SONC.

c. The point * = [0,1] T is not a local minimizer. To see this, consider points of the form & = [\/1 — 23, 2] "
where x5 € [1/2,1). Tt is clear that such points are feasible, and are arbitrarily close to * = [0,1]T. However,
for such points, f(x) =x2 < 1= f(x*).
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6.15
a. We have Vf(x*) = [3,0]". The only feasible directions at z* are of the form d = [dy,ds]" with d; > 0.
Therefore, for such feasible directions, dTVf(a:*) = 3d; > 0. Hence, * = [2,0]" satisfies the first order
necessary condition.

b. We have F(x*) = O. Therefore, for any d, d' F(x*)d > 0. Hence, * = [2,0] " satisfies the second order
necessary condition.

c. Consider points of the form = [~22 + 2, 25] T, 2o € R. Such points are in Q, and could be arbitrarily
close to «*. However, for such points « # x*,

f(x) =3(—23+2) =6 — 623 <6 = f(x*).

Hence, * is not a local minimizer.

6.16
a. We have Vf(z*) = 0. Therefore, for any feasible direction d at &*, we have d' Vf(z*) = 0. Hence, *

satisfies the first-order necessary condition.

b. We have
8 0
F(x*) = .
(@) [o 2]

Any feasible direction d at «* has the form d = [dl,dg]T where dy < 2dy, di,ds > 0. Therefore, for any
feasible direction d at x*, we have

d' F(x*)d = 84% — 2d2 > 8d% — 2(2d,)? = 0.
Hence, x* satisfies the second-order necessary condition.

c. We have f(z*) = 0. Any point of the form & = [z1,2% + 221], 1 > 0, is feasible and has objective
function value given by

fla) = 4a% — (] + 221)* = — (27 + 42) < 0 = f(z"),

Moreover, there are such points in any neighborhood of *. Therefore, the point * is not a local minimizer.

6.17
a. We have Vf(x*) = [1/2},1/x5]T. If * were an interior point, then Vf(x*) = 0. But this is clearly
impossible. Therefore, * cannot possibly be an interior point.

b. We have F(x) = — diag[l/2?,1/x3], which is negative definite everywhere. Therefore, the second-order
necessary condition is satisfied everywhere. (Note that because we have a maximization problem, negative
definiteness is the relevant condition.)

6.18
Given z € R, let

and hence

which on solving gives



6.19
Let 67 be the angle from the horizontal to the bottom of the picture, and 85 the angle from the horizontal
to the top of the picture. Then, tan(f) = (tan(f2) — tan(61))/(1 + tan(f2) tan(d1)). Now, tan(6;) = b/x and
tan(f2) = (a + b)/x. Hence, the objective function that we wish to maximize is

(a+b)/z—b/x a

I = S Ha+ 07~ T T a0

N a? _ bla+b)
) = (x +bla+b)/x)? (1 2 ) '

Let 2* be the optimal distance. Then, by the FONC, we have f'(z*) = 0, which gives

We have

B b(a +b) _
1 @)? 0

= x* Vb(a+0).

6.20
The squared distance from the sensor to the baby’s heart is 1 4+ 2, while the squared distance from the
sensor to the mother’s heart is 1+ (2 — x)2. Therefore, the signal to noise ratio is

_ )2
f(lf) = ! +1(j_ ) )
We have
, 22— 2)(1+2?) — 22(1 4 (2 —2)?)
f (:E) - (1 +$2)2
4(2% — 22— 1)

(14 22)2
By the FONC, at the optimal position 2*, we have f’(z*) = 0. Hence, either 2* =1 — /2 or 2* = 1 4+ /2.
From the figure, it easy to see that z* = 1 — /2 is the optimal position.

6.21
a. Let = be the decision variable. Write the total travel time as f(x), which is given by

_ V1+2? N V1+(d—z)?
Ty Uy ’

f(x)

Differentiating the above expression, we get
x d—zx
vVI+ 22 v /1+ (d—2)%

By the first order necessary condition, the optimal path satisfies f’(z*) = 0, which corresponds to

@) =

v14/1+ (2%)2 B vo/1+ (d—2*)?

or sinf; /v; = sinfs/ve. Upon rearranging, we obtain the desired equation.

b. The second derivative of f is given by

" . 1 1
fle) = v1 (1 + 22)3/2 * vo(1+ (d — 2)2)3/2°

Hence, f”(z*) > 0, which shows that the second order sufficient condition holds.
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6.22
a. We have f(x) = Ui(x1) + Ua(z2) and Q = {x : 1,22 > 0, 21 + 22 < 1}. A picture of Q looks like:

0 K X4

b. We have Vf(x) = [a1,a2]". Because Vf(x) # 0, for all x, we conclude that no interior point satisfies
the FONC. Next, consider any feasible point & for which x5 > 0. At such a point, the vector d = [1,—1]T
is a feasible direction. But then d'Vf(x) = a; — ag > 0 which means that FONC is violated (recall that
the problem is to mazimize f). So clearly the remaining candidates are those x for which 3 = 0. Among
these, if 71 < 1, then d = [0,1]" is a feasible direction, in which case we have dTVf(:c) = ag > 0. This
leaves the point & = [1,0]". At this point, any feasible direction d satisfies d; < 0 and dy < —d;. Hence,
for any feasible direction d, we have

dTVf(IB) =dja; + doas < diay + (—dl)ag = dl(al —a3) <0.
So, the only feasible point that satisfies the FONC is [1,0] .

c¢. We have F(x) = O < 0. Hence, any point satisfies the SONC (again, recall that the problem is to
mazimize f).

6.23
We have
4(.’E1 — .’EQ)S + 21’1 -2
Vf(x)= .

f( ) —4(£E1 — 132)3 — 2562 + 2

Setting V f(x) = 0 we get
4($1 —$2)3+2ZE1 -2 =0
—4(ry —x9)® =229 +2 = 0.

Adding the two equations, we obtain z; = x5, and substituting back yields
T = Tg = 1.

Hence, the only point satisfying the FONC is [1,1]T.
We have

F@) = o w0 12(z) — 29)? -2

1201 —22)2 +2  —12(zy — 22)? ]

Hence

2 0
F([1,1)7) =
(1" [O _2]
Since F([1,1]") is not positive semidefinite, the point [1,1]T does not satisfy the SONC.

6.24
Suppose d is a feasible direction at . Then, there exists ap > 0 such that  + ad €  for all « € [0, ag).
Let 8 > 0 be given. Then, x + a(8d) € Q for all « € [0, /). Since /B > 0, by definition Sd is also a
feasible direction at .

6.25
=: Suppose d is feasible at € Q. Then, there exists a > 0 such that x + ad € Q, that is, A(x + ad) = b.
Since Az = b and a # 0, we conclude that Ad = 0.
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<«: Suppose Ad = 0. Then, for any « € [0,1], we have «Ad = 0. Adding this equation to Ax = b, we
obtain A(x + ad) = b, that is, x + ad € Q for all « € [0, 1]. Therefore, d is a feasible direction at x.

6.26
The vector d = [1,1]T is a feasible direction at 0. Now,

fose Of o Of
dTV(0) = 32-(0) + 52-(0).

Since Vf(0) < 0 and V f(0) # 0, then

d"Vf(0) < 0.
Hence, by the FONC, 0 is not a local minimizer.

6.27
We have Vf(x) = ¢ # 0. Therefore, for any = 66, we have Vf(x) # 0. Hence, by Corollary 6.1, x 6(02
cannot be a local minimizer (and therefore it cannot be a solution).

6.28
The objective function is f(x) = —ciz; — coze. Therefore, Vf(x) = [~c1,—c2]T # 0 for all . Thus, by
FONC, the optimal solution * cannot lie in the interior of the feasible set. Next, for all * € Li|J Lo,
d = [1,1]7 is a feasible direction. Therefore, d' Vf(x) = —c; — ¢; < 0. Hence, by FONC, the optimal
solution «* cannot lie in Ly |JLy. Lastly, for all z € L3, d = [1,—1]" is a feasible direction. Therefore,
d'Vf(x) = ¢z —c; < 0. Hence, by FONC, the optimal solution * cannot lie in Ls. Therefore, by
elimination, the unique optimal feasible solution must be [1,0]".

6.29
a. We write

1 n
b = =Y a’x}+b 4y} + 2miab — 2wiyia — 2y;b
f(a,b) ni:10$z+ Ty +2zia Tiyia — 2y

= a2 (i;ﬁ)—klf—i—?(i;xi)ab
-2 lix a—2 li i | b+ li 2
n 4= iYi ni:1yz n Yi

i=1
[a b] %Z?:le %Zzﬂ:lxi a
LS~ @ 1 b
n =1

1 & 1 &
-2 [n;%yun;yz]

= 2'Qz—2c"z+d,

a
b

where z, Q, ¢ and d are defined in the obvious way.

b. If the point z* = [a*,b*]T is a solution, then by the FONC, we have Vf(z*) = 2Qz" — 2¢ = 0,

which means Qz* = c. Now, since X2 — (X)? = 13" (2, — X)?, and the z; are not all equal, then
det Q@ = X2 — (X)? # 0. Hence, Q is nonsingular, and hence

B O — XY-(X)(¥)
z*:Qilc:% l 1* _7)2( X*Y = | x2 X?Q_(YY)QXY
XP_(xp2|-X XZ||V taliBesless

Since @ > 0, then by the SOSC, the point z* is a strict local minimizer. Since z* is the only point satisfying
the FONC, then z* is the only local minimizer.

c. We have

v (XY X))\ v, X)) -(X)EXY) -
aX+b —( ﬁ,(yy )X—i— ﬁ,(fy Y.
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6.30
Given € R", let

1< «
flx) = ’ Z e — 2|2
=1

be the average squared error between x and (M), ... x®). We can rewrite f as
1 . .
@) = -3 @-a) (@ -2
L

1y (1) ! 1 (2)
T i )2
= x' x—2| - x T+ —||lx .
<pi§_1 ) pll |

So f is a quadratic function. Since & is the minimizer of f, then by the FONC, Vf(Z) = 0, i.e.,

1
22 —2-Y z =0.
L
Hence, we get

xr =

P
3 a0,
=1

i.e., & is just the average, or centroid, or center of gravity, of &), ... x®.
The Hessian of f at & is

SRR

F(z) =2I,,
which is positive definite. Hence, by the SOSC, Z is a strict local minimizer of f (in fact, it is a strict global
minimizer because f is a convex quadratic function).
6.31
Fix any « € Q. The vector d = & — x* is feasible at * (by convexity of 2). By Taylor’s formula, we have

f(@)=f(&") +d " V() +o(ldll) > f(z*) +cld] + ol d]).

Therefore, for all = sufficiently close to *, we have f(x) > f(x*). Hence, x* is a strict local minimizer.

6.32
Since f € €2, F(x*) = F'(x*). Let d # 0 be a feasible directions at «*. By Taylor’s theorem,

fla* +d) ~ f(a®) = 3T Vi) + d F(@)d + o |dP).
Using conditions a and b, we get
fla* +d) — f(z*) > c|d||* + o(|ld]]?),
Therefore, for all d such that ||d|| is sufficiently small,
fl@®+d) > f(="),

and the proof is completed.

6.33
Necessity follows from the FONC. To prove sufficiency, we write f as
1 1
f@) = 5@ —2) Q@ — ")~ ;2T Qa’

where * = Q'b is the unique vector satisfying the FONC. Clearly, since %x*TQm* is a constant, and
Q > 0, then

fl@) > fla) = 52" Qa",
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and f(x) = f(x*) if and only if x = x*.

6.34
Write u = [uq,...,u,]. We have
T, = aTp_1+bu,
= alax,—2 + bup_1) + bu,
a’z,_o + abu,_1 + buy,

= a"zo+a" Tbuy + - + abuy_1 + buy,

= c'u,
where ¢ = [a" '), ..., ab, b]T. Therefore, the problem can be written as

minimizeru"u — chu,

which is a positive definite quadratic in w. The solution is therefore

u=—c
2r

or, equivalently, u; = ga®~*/(2r), i =1,...,n.

7. One Dimensional Search Methods
7.1
The range reduction factor for 3 iterations of the Golden Section method is ((v/5—1/2)% = 0.236, while that of
the Fibonacci method (with e = 0) is 1/F3,1 = 0.2. Hence, if the desired range reduction factor is anywhere
between 0.2 and 0.236 (e.g., 0.21), then the Golden Section method requires at least 4 iterations, while the
Fibonacci method requires only 3. So, an example of a desired final uncertainty range is 0.21 x (8§ —5) = 0.63.

7.2
a. The plot of f(z) versus z is as below:

f(x)

b. The number of steps needed for the Golden Section method is computed from the inequality:

0.2
0.61803" < 51 = N > 3.34.
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Therefore, the fewest possible number of steps is 4. Applying 4 steps of the Golden Section method, we end
up with an uncertainty interval of [a4, bg] = [1.8541,2.000]. The table with the results of the intermediate
steps is displayed below:

Tteration k ‘ ak ‘ bi ‘ flax) ‘ f(br) ‘ Néwruncertahnw'hmerval‘
1 1.3820 | 1.6180 | 2.6607 | 2.4292 [1.3820,2]
2 1.6180 | 1.7639 | 2.4292 | 2.3437 [1.6180,2]
3 1.7639 | 1.8541 | 2.3437 | 2.3196 [1.7639,2]
4 1.8541 | 1.9098 | 2.3196 | 2.3171 [1.8541,2]

¢. The number of steps needed for the Fibonacci method is computed from the inequality:

1+2 2
202 N>y
Fyypo —2-1

Therefore, the fewest possible number of steps is 4. Applying 4 steps of the Fibonacci method, we end up
with an uncertainty interval of [ay, bg] = [1.8750,2.000]. The table with the results of the intermediate steps
is displayed below:

Iteration k ‘ Pk ‘ ak ‘ br ‘ flax) ‘ f(bx) ‘ quvv11nc.int.‘
1 0.3750 | 1.3750 | 1.6250 | 2.6688 | 2.4239 [1.3750,2]
2 0.4 1.6250 | 1.7500 | 2.4239 | 2.3495 [1.6250,2]
3 0.3333 | 1.7500 | 1.8750 | 2.3495 | 2.3175 [1.7500,2]
4 0.45 1.8750 | 1.8875 | 2.3175 | 2.3169 [1.8750,2]

d. We have f/(z) = 2z — 4sinz, f”(z) =2 — 4cosx. Hence, Newton’s algorithm takes the form:
L1 () _ ) — 2gin (k)
1 —2cosx(k)

Applying 4 iterations with z(©) = 1, we get (1) = —7.4727, ) = 14.4785, 23 = 6.9351, =¥ = 16.6354.
Apparently, Newton’s method is not effective in this case.

7.3

a. We first create the M-file £.m as follows:

% f.m
function y=f(x)
y=8%exp (1-x)+7*log(x) ;

The MATLAB commands to plot the function are:

fplot (’£°,[1 2]1);
xlabel(’x’);
ylabel (C£(x)?);

The resulting plot is as follows:
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7.951 b

f(x)

781 b

7.751 b

7.7r b

b. The MATLAB routine for the Golden Section method is:

%Matlab routine for Golden Section Search

left=1;
right=2;
uncert=0.23;

rho=(3-sqrt(5))/2;
N=ceil (log(uncert/(right-left))/log(1l-rho)) Yprint N

lower=’a’;
a=left+(1-rho)*(right-left);
f_a=f(a);
for i=1:N,
if lower==’a’
b=a
f_b=f_a
a=left+rho*(right-left)
f_a=f(a)
else
a=b
f_a=f_b
b=left+(1-rho)*(right-left)
f_b=f(b)
end %if
if f_a<f_b
right=b;
lower=’a’
else
left=a;
lower=’b’
end %if
New_Interval = [left,right]

Using the above routine, we obtain N = 4 and a final interval of [1.528,1.674]. The table with the results
of the intermediate steps is displayed below:
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Iteration k ‘ ay ‘ bk ‘ f(ax) ‘ F(by) ‘ Néwruncertahmy'hnerval‘

1 1.382 | 1.618 | 7.7247 | 7.6805 [1.382,2

2 1.618 | 1.764 | 7.6805 | 7.6995 [1.382,1.764]
3 1.528 | 1.618 | 7.6860 | 7.6805 [1.528,1.764]
4 1.618 | 1.674 | 7.6805 | 7.6838 [1.528,1.674]

c. The MATLAB routine for the Fibonacci method is:

/%Matlab routine for Fibonacci Search technique

left=1;
right=2;
uncert=0.23;
epsilon=0.05;

F(1)=1;
F(2)=1;

N=0;

while F(N+2) < (1+2xepsilon)*(right-left)/uncert
F(N+3)=F (N+2)+F (N+1) ;
N=N+1;

end Ywhile

N Yprint N

lower=’a’;
a=left+(F(N+1) /F(N+2))*(right-left);
f_a=f(a);

for i=1:N,
if i7=N
rho=1-F(N+2-i) /F(N+3-1i)
else
rho=0.5-epsilon
end %if
if lower==’a’
b=a
f_b=f_a
a=left+rho*(right-left)
f_a=f(a)
else
a=b
f_a=f_b
b=left+(1-rho)*(right-left)
f_b=£f(b)
end %if
if f_a<f_b
right=b;
lower=’a’
else
left=a;
lower=’b’
end %if
New_Interval = [left,right]
end for i
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Using the above routine, we obtain N = 3 and a final interval of [1.58,1.8]. The table with the results of
the intermediate steps is displayed below:

Iteration k ‘ Pk ‘ ak ‘ bk ‘ flar) ‘ f(br) ‘ New uncertainty interval ‘
1 0.4 1.4 1.6 | 7.7179 | 7.6805 [1.4,2]
2 0333 | 1.6 | 1.8 | 7.6805 | 7.7091 [1.4,1.8]
3 0.45 | 1.8 | 1.6 | 7.6812 | 7.6805 [1.58,1.8]
7.4
Now, pr =1 — ?;:7:2 Hence,
Pk T Fn_ps1/FN—it2
1—px Fn_j+1/FN_i42
_ 1 Fn_gyo — FN_k41
FN_g+1
Fn_
- 1 _N-k
FN_ky1
=  Pk+1

To show that 0 < py < 1/2, we proceed by induction. Clearly p; = 1/2 satisfies 0 < p; < 1/2. Suppose

0<pr<1/2, where k € {1,...,N —1}. Then,

1
—<1-p,<1
5 = Pk =
and hence )
1< <2.
1= pr
Therefore,
Lo m
27 1=pr —
. 1 bk
Since pr41 =1 17’”pk,then )
0§ﬂk+1§§

as required.
7.5

We proceed by induction. For k = 2, we have FoF3 — F1F, = (1)(3) — (1)(2) = 1 = (=1)2.

Fk—2Fk+1 - Fk_le = (—1)k. Then,

Fi 1Fiyo — FiFrp1 = Foo1(Frpr + Fi) — (Foo1 + Fr—2) Fra
Frp 1Fy — Fr2Fp1

—(=1)*

— ap

7.6

Suppose

Define yi, = F}y and zp = Fi—1. Then, we have

Yk+1 — A Yk :
Zk4+1 2k

where



with initial condition

We can write

Zn

Fy =y = [1,0) ly”] —[1,004" H .

Since A is symmetric, it can be diagonalized as

u'| A O
a= o] [0l o
where
Al:1+\/5 /\2:1—\/5
2 2
and
1 2/(vV5-1)

R NI

A n
F, :u—r[1 O]U,

Therefore, we have

0 A

= W\ + Ui}
n+1 +1
1 (15T [(1-vB)"
IV 2 2
7.7

The number log(2) is the root of the equation g(z) = 0, where g(z) = exp(z) — 2. The derivative of g is
g'(z) = exp(z). Newton’s method applied to this root finding problem is

(k)y — 9
w _expE@®) =2 gy )
x exp(@®) x 1+ 2exp(—z'™).

LB+
Performing two iterations, we get () = 0.7358 and z(2) = 0.6940.

7.8
a. We compute ¢'(z) = 2¢%/(e® + 1)2. Therefore Newton’s method of tangents for this problem takes the
form

209 209
D) (k) (e =1)/(e” +1)
2ez™ /(ex™ 4 1)2
2
_om @ =1
-0 2ez™®)
= 2™ —sinhz®,
b. By symmetry, we need z(!) = —z(© for cycling. Therefore, £(°) must satisfy

—2(0 = 20 _ginh 2,
The algorithm cycles if (%) = ¢, where ¢ > 0 is the solution to 2¢ = sinh c.
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c. The algorithm converges to 0 if and only if |x(0)| < ¢, where ¢ is from part b.
7.9
The quadratic function that matches the given data (), £(*=1)  2(k=2) " £(g()) " f(2*F=1) and f(x(*F=2)
can be computed by solving the following three linear equations for the parameters a, b, and c:

a(@® ) + b2 4o = fa*D), i=0,1,2.

Then, the algorithm is given by z(*+1) = —b/2a (so, in fact, we only need to find the ratio of a and b).
With some elementary algebra (e.g., using Cramer’s rule without needing to calculate the determinant in
the denominator), the algorithm can be written as:

(i) __o12f (@) +ono f(*V) + 001 f(2))

‘ 2012 f () 4 00 f (xF=1)) + o1 f (2(k=2)))

where 0;; = (2(F=9)2 — (2(F=9)2 and §;; = zF=9) — p(k=3),

7.10
a. A MATLAB routine for implementing the secant method is as follows.

function [x,v] = secant(g,xcurr,xnew,uncert);

/%Matlab routine for finding root of g(x) using secant method

%

% secant;

% secant(g);

% secant(g,xcurr,xnew);

% secant(g,xcurr,xnew,uncert);

%

% x=secant;

% x=secant(g);

% x=secant(g,xcurr,xnew);

% x=secant(g,xcurr,xnew,uncert) ;

A

% [x,v]=secant;

% [x,v]=secant(g);

% [x,v]=secant(g,xcurr,xnew) ;

% [x,v]=secant(g,xcurr,xnew,uncert) ;

%

%The first variant finds the root of g(x) in the M-file g.m, with

%initial conditions O and 1, and uncertainty 107(-5).

%The second variant finds the root of the function in the M-file specified
7%by the string g, with initial conditions O and 1, and uncertainty 107 (-5).
%The third variant finds the root of the function in the M-file specified
%by the string g, with initial conditions specified by xcurr and xnew, and
funcertainty 107 (-5).

%The fourth variant finds the root of the function in the M-file specified
%by the string g, with initial conditions specified by xcurr and xnew, and
funcertainty specified by uncert.

h

%The next four variants returns the final value of the root as x.

%The last four variants returns the final value of the root as x, and

%the value of the function at the final value as v.

if nargin < 4
uncert=10"(-5);
if nargin < 3
if nargin ==
xcurr=0;
xnew=1;
elseif nargin ==
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g='8";
else
disp(’Cannot have 2 arguments.’);
return;
end
end
end

g_curr=feval(g,xcurr);

while abs(xnew-xcurr)>xcurr*uncert,
xold=xcurr;
XCUrr=xnew;
g_old=g_curr;
g_curr=feval(g,xcurr);
xnew=(g_curr*xold-g_old*xcurr)/(g_curr-g_old) ;
end %while

%print out solution and value of g(x)
if nargout >= 1
X=Xnew;
if nargout ==
v=feval (g,xnew) ;
end
else
final_point=xnew
value=feval(g,xnew)
end %if

%___ _ —_ _ -

b. We get a solution of x = 0.0039671, with corresponding value g(z) = —9.908 x 1078.
7.11

function alpha=linesearch_secant(grad,x,d)
%Line search using secant method

epsilon=10"(-4); %line search tolerance
max = 100; %maximum number of iterations
alpha_curr=0;

alpha=0.001;

dphi_zero=feval(grad,x) ’*d;
dphi_curr=dphi_zero;

i=0;
while abs(dphi_curr)>epsilon*abs(dphi_zero),
alpha_old=alpha_curr;
alpha_curr=alpha;
dphi_old=dphi_curr;
dphi_curr=feval(grad,x+alpha_curr*d) ’*d;
alpha=(dphi_curr*alpha_old-dphi_old*alpha_curr)/(dphi_curr-dphi_old);
i=i+1;
if (i >= max) & (abs(dphi_curr)>epsilon*abs(dphi_zero)),
disp(’Line search terminating with number of iterations:’);
disp(i);
break;
end
end Ywhile

%___ _ _ _ -

37



7.12
a. We could carry out the bracketing using the one-dimensional function ¢o(a) = f(2© + ad®), where
d is the negative gradient at 2(?), as described in Section 7.8. The decision variable would be . However,
here we will directly represent the points in R? (which is equivalent, though unnecessary in general).

The uncertainty interval is calculated by the following procedure:

2 1

f@)= e |2 2] z, Vf(w)=ﬁ jw

Therefore,
d— —Vf(:c(o)) _ 2 1 0.8 _ —-1.35
1 2| [-0.25 -0.3

As the problem requires, we use ¢ = 0.075.

First, we begin calculating f(z(?)) and 2(:

f(x®)=f Q—%ZE’D = 0.5025,

4 0.075 —-1.35 _ 0.6987
-0.3 —0.2725

0.8

W) 40 4 g —
vo=wte [—0.25

Then, we proceed as follows to find the uncertainty interval:

flaW)=f Q 0'6987] =0.3721

1015 —1.35 _ 0.5975
-0.3 —0.2950

0.8 ~1.35 0.3950
® =2 + 4ed = 0.3 =
T mw e l 1 + —0.3400

—-1.35| | -0.0100
—0.3| [—0.4300

Between f(z®) and f(x®) the function increases, which means that the minimizer must occur on the

interval [0, 2] — | | 05975 | [Z00100] | [-135)
—0.2950 | * | —0.4300 0.3

MATLAB code to solve the problem is listed next.

% Coded by David Schvartzman
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% In our case we have:
Q=1[21;12];

x0 = [0.8; -.25];

e = 0.075;

f = zeros(1,10);

X = zeros(2,10);
x1 = x0;
d = -Q*x1;
f(1) = 0.5%(x1’)*Q*x1;
for i=2:10
X(:,1i) = xl+exd;
£f(i) = 0.5%X(:,1i) ?*Q*X(:,i);
e = 2%e;
if(F(1) > £(i-1))
break;
end
end
% The interval is defined by:
a = X(:,i-2);
b = X(:,1);

str = sprintf(’The minimizer is located in: [a, b], where a = [}.4f; %.4f]...
and b = [%.4f; %.4f]1’°, a(1,1), a(2,1), b(1,1), b(2,1));
disp(str);

b. First, we determine the number of necessary iterations:
The initial uncertainty interval width is 0.6223. This width will be (0.6223)(0.618)" after N stages. We
choose N so that

0.01
618)N < N =
(0618)7 < 0.6223 )
We show the first iteration of the algorithm; the rest are analogous and shown in the following table.
From part a, we know that [ag, bo] = [#?), 2(¥)], then:
0.5975 —0.0100
bo] = , with = 0.2678, f(bo) = 0.1893.
[ao, bo] H—0.2950] ) [_0_4300H with f(ao) f(bo)

a1 = ag + p(by — ag) = [0.3655 — 0.3466]"
by = ag + (1 — p)(by — ag) = [0.2220 — 0.3784]"
F(a1) = 0.1270
F(b) = 0.1085
We can see f(ay) > f(b1), hence the uncertainty interval is reduced to:

0.3655 —0.0100
[ah bO] = )
—0.3466 —0.4300

So, calculating the norm of (by — a1), we see that the uncertainty region width is now 0.38461.
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Iteration ak bk flar)  f(bxy)  New Uncertainty Interval
. 0.3655 02220 | o0 (o8 3655 | [ 0.0100
~0.3466 ~0.3784 ~0.3466 | * | —0.4300
) 0.2220 01834 | e o930 3655 | [ 1334
~0.3784 —0.3981 ~0.3466| ’ | —0.3981
[0.2768 ] [ 0.2220 ] T 2768 1 [ .1334 ]
3 0.1094 0.1085 ,
~0.3663 ~0.3784 ~0.3663| ’ | —0.3981
. 0.2220 01882 | o e 2168 | [ 1882
~0.3784 ~0.3860 ~0.3663| | —0.3860
s 0.2430 02220 | oo oss 2168 | [ 2220
~0.3738 —0.3784 ~0.3663| | —0.3784
. 0.2559 02430 | ool o107 0.2559 | [ 02220
~0.3709 ~0.3738 ~0.3709| " | —0.3784
. 0.2430 02350 | o0 o080 0.2559 | [ 0.2350
—0.3738 —0.3756 —0.3709| ’ | —0.3756
o 0.2479 02430 | oo oiom 0.2479 | [ 0.2350
~0.3727 ~0.3738 —0.3727| ’ | —0.3756
0 0.2430 02390 | o0 o 0.2479 | [ 0.2399
~0.3738 —0.3745 —0.3727| | —0.3745

.24
We can now see that the minimizer is located within H 0.2479

—{l3727]’ [

interval width is 0.00819.

Matlab code used to perform calculations is listed next

% Coded by David Schvartzman

% To succesfully run this program, run
% the previous script to obatin a and b.
e = 0.01;

Q=[2

ro = 0.

1; 1 2];
5% (3-sqrt(5));

% First we determine the number of necessary iterations.
d = norm(a-b);N = ceil( (log(e/d))/(log(l-ro0)));

fa = 0.
fb = 0.

strl
str2 =
str3d =
stréd
strb

Bxa’*xQ*a;
5*b’ *Q*b;

sprintf (’Initial

sprintf (’a0 = [}.
sprintf(°b0 = [%.

sprintf (°f(a0)
sprintf (’ £ (b0)

values:’);

4f,%.4£f1.7, a(l), a(2));
4f ,%.4f1.7, b(1), b(2));
%.4f.7, fa);

%.4f.7, fb);
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strn
disp(strn);

disp(strl) ;disp(str2);
disp(str3);disp(str4);

disp(strb);
s = a + rox(b-a);
t =a+ (1-ro)x(b-a);
fs = 0.b*xs’*Qx*s;
ft = 0.5%t’*xQx*t;
for i=1:N
strl = sprintf(’Iteration number: %d’, i);
str2 = sprintf(’a%d = [%.
str3 = sprintf(’b%d = [%.
strd = sprintf(’f(ajd) =
strb = sprintf (P f(b)d) =
if (ft>fs)
b =t;
%fb = ft;
t = 8;
ft = fs;
s = a + rox(b-a);
fs = 0.5%s’*Q*s;
else
a = s;
%fa = fs;
s = t;
fs = ft;
t = a + (1-ro)*(b-a);
ft = 0.5xt’*Qx*t;
end

str6 = sprintf(’New uncertainty interval: a¥%d

= sprintf(’\n’);

4f,%.4f1.7, i, s(1), s(2));
4f ,%.4£f1.7, i, t(1), t(2));

%.4f .0, i, fs);

= %.4f.7, i, ft);

(h.4f,%.4£],

bid = [4.4f,%.4€]1.7, i, a(1), a(2), i, b(1), b(2));
disp(strn) ;
disp(strl)
disp(str2)
disp(str3)
disp(str4d)
disp(strb)
disp(str6é)

end

% The interval where the minimizer is boxed in is given by:
an = a;
bn = b;

% We can return (an+bn)/2 as the minimizer.

min = (an+bn)/2;disp(strn);
str = sprintf(’The minimizer x* is:
disp(str);

c. We need to determine the number of necessary iterations:
The initial uncertainty interval width is 0.6223. This width will be (0.6223)

element of the Fibonacci sequence. We choose N so that

1+ 2¢ <

0.01

Fyni1 — 06223

= 0.0161
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1+ 2¢
= I >
N+ = 0.0161

14+2¢
Fivt

[%.4f; %.4f]1°, min(1,1), min(2,1));

1’

where F}, is the k-th



For ¢ = 0.05, we require F{ 1) > 68.32, thus F(;¢) = 89 is enough, and we have N = 10 — 1, 9 iterations.

We show the first iteration of the algorithm; the rest are analogous and shown in the following table.

From part a, we know that [ag, bg] = [z, 2(*)], then:
0.5975 —0.0100
bo| = ith = 0.2678 bo) = 0.1893.
[G/O; 0] [l_02950‘| 3 [_04300]] , W1 f(a()) ) f( 0)
Recall that in the Fibonacci method, p; =1 — FI;JL =1- % = 0.3820.

a1 = ag + p1(by — ag) = [0.3654 — 0.3466]"
by = ag + (1 — p1)(bo — ag) = [0.2221 —0.3784]"
fla1) = 0.1270
F(by) =0.1085

We can see f(a1) > f(b1), hence the uncertainty interval is reduced to:
0.3654 —0.0100
[a'h bO] = ’
—0.3466 —0.4300

So, calculating the norm of (by — ay), we see that the uncertainty region width is now 0.38458.

k Pk ak bk flax)  f(bx)  New Uncertainty Interval
1 03820 0.3654 0.2221 01270 0.1085 0.3654 ’ —0.0100
—0.3466 —0.3784 —0.3466 —0.4300
9 03818 0.2221 0.1333 0.1085 0.1232 0.3654 ’ 0.1333
—0.3784 —0.3981 —0.3466 —0.3981
[ 02767 | [ 0.2221 ] [[ 02767 | [ 0.1333 ]
3 0.3824 0 0 0.1094 0.1085 0276 , 0.1333
—0.3663 —0.3784 —0.3663 —0.3981

42



k Pk ak b flar)  f(by)  New Uncertainty Interval
4 03810 0.2221 0.1879 0.1085 0.1118 0.2767 7 0.1879
—0.3784 —0.3860 —0.3663 —0.3860
5 0.3846 0.2426 0.2221 01079  0.1085 0.2767 7 0.2221
—0.3739 —0.3784 —0.3663 —0.3784
6 0.3750 0.2562 0.2426 0.1082  0.1079 0.2562 7 0.2221
—0.3708 —0.3739 —0.3708 —0.3784
7 0.4000 0.2426 0.2357 0.1079  0.1080 0.2562 7 0.2357
—0.3739 —0.3754 —0.3708 —0.3754
8 03333 0.2494 0.2426 0.1080 0.1079 0.2494 , 0.2357
—0.3724 —0.3739 —0.3724 —0.3754
9 0.4500 0.2426 0.2419 01079  0.1079 0.2494 7 0.2419
—0.3739 —0.3740 —0.3724 —0.3740
o [ 02494 ] [ 0.2419
We can now see that the minimizer is located within ,
—0.3724 —0.3740

interval width is 0.00769.

Matlab copde used to perform calculations is listed next.

% Coded by David Schvartzman

% To succesfully run this program, run the first of the above scripts

% to obtain a and b.

% We take
e = 0.01;

Q=10[21;12];
% First determine the number of necessary iterations.
d = norm(a-b);

F_N_1 =(2%0.05+1)/(e/d);

F = zeros(1,20);

F(1) = 0;
F(2) = 1;
for i=1:20

F(i+1) = F(i)+F(i+1);

if (F(i+2)>= F_N_1)

break;
end
end
N =1i-1;

ro = zeros(1l, N+1);

for i = 1:N

ro(i) = 1 - F(N+3-i)/F(N+4-1i);

end

ro(N) = ro(N) - 0.05;
fa = 0.5%a’*Qx*a;
fb = 0.5%b’*Q*b;
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strl = sprintf(’Initial values:’);

str2 = sprintf(’a0 = [}.4f,%.4f]1.°, a(l), a(2));
str3 = sprintf(’b0 = [%.4f,%.4f].7, b(1), b(2));
str4 = sprintf(’f(a0) = %.4f.’, fa);

strb = sprintf(°£(b0) = %.4f.’, fb);

strn = sprintf(’\n’);

disp(strn);

disp(strl);

disp(str2);

disp(str3);

disp(str4);

disp(strb);

s =a + ro()*(b-a);

t =a+ (1-ro(1))*(b-a);
fs = 0.5%s’*Qx*s;

ft = 0.5%t’*xQx*t;

for i=1:N
strl = sprintf(’Iteration number: %d’, i);
str2 = sprintf(Pa%d = [%.4f,%.4f]1.7, i, s(1), s(2));
str3 = sprintf (’b%d = [%.4f,%.4f]1.7, i, t(1), t(2));
str4d = sprintf(’f(ald) = %.4f.°, i, fs);
str5 = sprintf (C£f(b%d) = %.4f.°, i, ft);
if (ft>fs)
b =t;
t = s;
ft = £fs;
s = a + ro(i+1)*(b-a);
fs = 0.5xs’*Qx*s;
else
a = s;
s = t;
fs = ft;
t =a+ (1-ro(i+1))*(b-a);
ft = 0.5%xt’*Qx*t;
end
str6 = sprintf(’New uncertainty interval: ajd = [%.4f,%.4f],...
bhd = [%.4f,%.4£]1.°, i, a(l), a(2), i, b(1), b(2));
str7 = sprintf(’Uncertainty interval width: 7%.5f’, norm(a-b));
disp(strn);
disp(strl)
disp(str2)
disp(str3)
disp(str4d)
disp(strb)
disp(stré)
disp(str7)
end

% The minimizer is boxed in the interval:

an = a;

bn = b;

% We can return (an+bn)/2 as the minimizer.
min = (an+bn)/2;

disp(strn);

str = sprintf(’The minimizer x* is:

[%.4f; %.4f1°, min(1,1), min(2,1));
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disp(str);

8. Gradient Methods
8.1

The function f is a quadratic and so we can represent it in standard form as
1 10 -1
f=za' x—ax'
2 0 2 —1/2

zd) =20 — vy (m(o)) .

To find V), we need to compute V f (w(o)) = g9, We have

1
+3= inQaz —xz'b+ec.

The first iteration is

g9 =Qz® —p= [1 1/2}T.

The step size, ap, can be computed as

g@TgO®

5)
YT g™ T G

fn:_%dm:_5[1]:_lwﬂ.
6 [1/2 5/12

2@ — 2™ _ g, Vf (:c(l)) ,

Hence,

The second iteration is

where
1/6
v ((1)): W — 0z _p= :
f(2V) =g = Qe s
and
gWTgM 5
™ = gTee
Hence,
25
2@ = 2 _q,g™ = [—5/6] 5 [ 1/6 ] _ l—gg] .
—5/12| 9 |-1/3] |-
The optimal solution is &* = [~1, —1/4] T obtaind by solving the equation Qx = b.
8.2

Let s be the order of convergence of {a:(k)}. Suppose there exists ¢ > 0 such that for all £ sufficiently large,
l2* ) — 27| = c|la® — 7|7,
Hence, for all k sufficiently large,

20—t _ fe®V "] 1
[e® —a [ " a0 — o [o® — [
C
[0 — &7

Taking limits yields

e — 2| ¢
lim 2 :
k—oo ||x(k) — || limy,_ o0 [|2*) — *||s5—P
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Since by definition s is the order of convergence,

||$(k+1) o "B*H
lim ———— < 00.
koo [lah) — a*||s

Combining the above two inequalities, we get

c
< o0.
limy,_ o0 [|2*) — *||5—P
Therefore, since limy,_, o ||2*) — x*|| = 0, we conclude that s < p, i.e., the order of convergence is at most p.
8.3
We use contradiction. Suppose %) — z* and
(k+1) _ 4%
x T
lim I | >0

k—oo ||,’1}(k) — ;B*”p

for some p < 1. We may assume that (*) # x* for an infinite number of k (for otherwise, by convention,
the ratio above is eventually 0). Fix € > 0. Then, there exists K7 such that for all k > K7,

”w(k—i-l) _ :B*H -
EREFI T
Dividing both sides by ||&*) — 2*||'~P, we obtain
D — 2] 2
lz®) — =[]~ [a®) —a=|t=P

Because () — x* and p < 1, we have ||*) —2*||'=? — 0. Hence, there exists K such that for all k > K,
|2 — x*||'~P < ¢. Combining this inequality with the previous one yields
||£L'(k+1) _ w*”

COEr=

for all k > max(K7, K»); i.e.,
l2®+D —2*| > [|l2®) — a7,
which contradicts the assumption that ) — x*.

8.4
a. The sequence converges to 0, because the exponent — ok’ grows unboundedly negative as k — oco.

b. The order of convergence of {x(k)} is 0o. To see this, we first write, for p > 1,

(k)| g—2k+D?
z(F [P 9-2"p

2 . 2
2_2k +2k+1+p2k

2
2_2k (22k+1_p).

But notice that the exponent — ok (2241 _ p) grows unboundedly negative as k — oo, regardless of the value
of p. Therefore, for any p,

) | x(k+1)|
kh—>nolo |z (®)|p =0,

which means that the order of convergence is co.
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8.5
a. We have

2B = D)

= a-azx*~?

a2z(k—2)

k

= k2,

Because 0 < a < 1, we have ¥ — 0, and hence z(*) — 0.
b. Similarly, we have
s = )y
((y*=2)yP
()

()"
Because |y(®| < 1 and b > 1, we have b* — oo and hence y*) — 0.

c. The order of convergence of {z(*)} is 1 because

A .
dm Sy = dim e =,
and 0 < a < oo.
The order of convergence of {y(®)} is b because
(k+1)
lim v ‘—hml—l

and 0 < 1 < oo.

d. Suppose |z®)| < ¢|z(9)|. Using part a, we have a* < ¢, which implies that k& > log(c)/log(a). So the
smallest number of iterations k such that |2(*)| < c|z(9)] is [log(c)/log(a)] (the smallest integer not smaller
than log(c)/log(a)).

e. Suppose |y®)| < ¢|y(?)|. Using part b, we have ly©@ 2" < ¢|y©|. Taking logs (twice) and rearranging, we

have ) | ( )
og(c
k> lo + ) .
log(b) ° ( log (@)

Denote the right-hand side by z. So the smallest number of iterations & such that |y*®)| < c|y©)] is [2].

f. Comparing the answer in part e with that of part d, we can see that as ¢ — 0, the answer in part d is
Q(log(c)), whereas the answer in part e is O(loglog(c)). Hence, in the regime where ¢ is very small, the
number of iterations in part d (linear convergence) is (at least) exponentially larger than that in part e
(superlinear convergence).

8.6
We have ugy1 = (1 — p)ug, and ug, — 0. Therefore,

i |Uk+1\
k—oo |Uk;‘

=1-p>0

and thus the order of convergence is 1.
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8.7
a. The value of 2* (in terms of a, b, and ¢) that minimizes f is z* = b/a.

b. We have f’(x) = ax — b. Therefore, the recursive equation for the DDS algorithm is

2D = 20 _ o (az® — b) = (1 — aa)z® + ab.

c. Let & = limy,_, oo (®). Taking limits of both sides of z(**1) = z(*) — a(az®) — b) (from part b), we get
=7 —alaZ —b).
Hence, we get & = b/a = x*.

d. To find the order of convergence, we compute

|2+ —bjal |1 - aa)z™ +ab - b/al

z®) —b/alp =) —b/alr
1= aa)z™® — (1 - aa)b/dl
B |z¥) —b/alr

= |1 —aa|lz™ —b/a|' 7.

Let 2 = |1 — aal|z® — b/a|'~P. Note that 2(¥) converges to a finite nonzero number if and only if p = 1
(if p < 1, then 2(®¥) — 0, and if p > 1, then 2(*¥) — c0). Therefore, the order of convergence of {z(*)} is 1,
e. Let y*) = |2(®) —b/a|. From part d, after some manipulation we obtain

y(k-‘rl) _ ‘1 _ aa|y(k) _ |1 o aa|k+ly(0).
The sequence {z(®)} converges (to b/a) if and only if y*) — 0. This holds if and only if |1 — aa| < 1, which
is equivalent to 0 < a < 2/a.

8.8
We rewrite f as f(z) = iz Qz — bz, where

2
6 4
o[t

The characteristic polynomial of @ is A2 — 12\ + 20. Hence, the eigenvalues of Q are 2 and 10. Therefore,
the largest range of values of « for which the algorithm is globally convergent is 0 < o < 2/10.

8.9
a. We can write h(x) = Qz — b, where b = [—4,—1]T and

3 2
is positive definite. Hence, the solution is

S s | B

b. By part a, the algorithm is a fixed-step-size gradient algorithm for a problem with gradient h. The
eigenvalues of @ are 1 and 5. Hence, the largest range of values of o such that the algorithm is globally
convergent to the solution is 0 < o < 2/5.

c. The eigenvectors of @Q corresponding to eigenvalue 5 has the form ¢[1,1]T, where ¢ € R. Hence, to violate
the descent property, we pick

1 |-3

o

29 =Q 7 'b+c 1

48



where we choose ¢ = —1 so that (9 has the specified form.

8.10
a. We have

3 1+a
14+a 3

f@)= a7

b. The unique global minimizer exists if and only if the Hessian is positive definite, which holds if and only
if (1 +a)? < 9 (by Sylvester’s criterion). Hence, the largest set of values of a and b such that the global
minimizer of f exists is given by —4 < a < 2 and b € R (unrestricted).

The minimizer is given by

_
9—(1+a)

1
1

3 —(14a)
—-(14a) 3

¥ =

Il 3—(1+a)
1| 9—(1+a)?

11
1| 4+a

c. The algorithm is a gradient algorithm with fixed step size & = 2/5. The eigenvalues of the Hessian are
(after some calculations) 4 + a and 2 — a. For global convergence, we need 2/5 < 2/A\j4z, OF Ajpae < 5,
where A0 = max(4+ a,2 — a). From this we deduce that —3 < a < 1. Hence, the largest set of values of
a and b such that the algorithm is globally convergent is given by —3 < a < 1 and b € R (unrestricted).

8.11
a. We have

2R+ ) /2

Pty =

= (;v(k) ak(x(k)—c) 6)2/2
(
(

1— ) (2™ —c)?/2
1= ag)?f(a™®).

b. We have 2(*) — ¢ if and only if f(2(*)) — 0. Hence, the algorithm is globally convergent if and only if
f(@®)) — 0 for any . From part a, we deduce that f(z*)) — 0 for any g if and only if [[;o (1 —ax)? = 0.
Because 0 < a < 1, this condition is equivalent to [[r- (1 — a;) = 0, which holds if and only if

8.12
The only local minimizer of f is #* = 1/v/3. Indeed, we have f/(z*) = 0 and f”(z*) = 2v/3. To find the
largest range of values of « such that the algorithm is locally convergent, we use a “linearization” argument:
The algorithm is locally convergent if and only if the “linearized” algorithm z**1) = z(*) —q " (2*) (z*) —z*)
is globally convergent. But the linearized algorithm is just a fixed step size algorithm applied to a quadratic
with second derivative f”(x*). Therefore, the largest range of values of a such that the algorithm is locally
convergent is 0 < a < 2/f"(z*) = 1//3.

8.13
We use the formula from Lemma 8.1:

F@™) = (1= ) f(a®)
(we have V = f in this case). Using the expression for 73, we get, assuming z(F) # 1,
e =ad- 2771 —a27F).

Hence, 7; > 0, which means that f(z*+1) < f(z®) if £(*) £ 1 for k > 0. This implies that the algorithm
has the descent property (for & > 0).
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We also note that

_ —k -k | _ :
g 'yk—a4<2 2 —g a4 )—044(2—3><1nfty.

Since v > 0 for all £ > 0, we can apply the theorem given in class to deduce that the algorithm is not
globally convergent.

8.14
We have

1) _

=™ — et — @)/ ().

jar
By Taylor’s Theorem,
F@®) = J/@7) + 1@ - 2) + 0(a® - 7).
Since f'(z*) = 0 by the FONC, we get
2®) = ot~ @)/ @) = O(e® a7,
Combining the above with the first equation, we get
|{E(k+1) _ {E*| — O(|£C(k) o (E*|2),

which implies that the order of convergence is at least 2.

8.15
a. The objective function is a quadratic that can be written as

f(z) = (az — b)" (az — b) = ||a|*2” — 2a" bz + ||b]|*.

Hence, the minimizer is 2* = a ' b/||a||?.
b. Note that f”(z) = 2|la||?. Thus, by the result for fixed step size gradient algorithms, the required largest
range for « is (0,1/]|al?).

8.16
a. We have

f(z) = Az —b|> = (Az-b)'(Az-b)
= (@'A" -b")(Az - b)
2 (ATA)z —2(ATb)Tz+b"b
which is a quadratic function. The gradient is given by Vf(x) = 2(A" A)x — 2(A"b) and the Hessian is
given by F(z) =2(A" A).

b. The fixed step size gradient algorithm for solving the above optimization problem is given by

2D = 0 _ 24T A)x® —24Tb)
= 2™ —20A7 (Az® —b).

c. The largest range of values for « such that the algorithm in part b converges to the solution of the problem
is given by
O<a< 2 L
Ol ———— = —.
Amaz(2ATA) 4
8.17
a. We use contraposition. Suppose an eigenvalue of A is negative: Av = Av, where A\ < 0 and v is a
corresponding eigenvector. Choose &(©) = v 4+ x*. Then,

V) = v+ ' —a(Av+ Az* +b) = v+ — v,
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and hence
e —x* = (1 - a\) (2@ —z*).

Since 1 — aA > 1, we conclude that the algorithm is not globally monotone.

b. Note that the algorithm is identical to a fixed step size gradient algorithm applied to a quadratic with
Hessian A. The eigenvalues of A are 1 and 5. Therefore, the largest range of values of a for which the
algorithm is globally convergent is 0 < a < 2/5.

8.18
The steepest descent algorithm applied to the quadratic function f has the form

g®BIT g(®)

99 m
gMTQg™ Y

2D Z g0 g, o) = k) _

=: If () = Q'b, then
Qb =2 —ayg®.

Rearranging the above yields
Q" —b=0aoQg"”.

Since g9 = Qz(® — b +# 0, we have

which means that g(®) is an eigenvector of Q (with corresponding eigenvalue 1/ay).
«<: By assumption, Qg(® = \g(®), where A € R. We want to show that Qz(') = b. We have

(0)T 4(0)

o _ o_ 979" (0
Qut = Q<m g7 Qg @Y )
1 gOTg©

— Qz® _ (0)
= Qe =S T 99
Qz( _ g(©
b.

8.19
a. Possible. Pick f such that Apax > 2Amin and 2 such that g(O) is an eigenvector of @ with eigenvalue
Amin- Then,

B g0 T g 1 - )
N g(O)TQg(O) N )\min o )\max'

&)

b. Not possible. Indeed, using Rayleigh’s inequality,

_ g9 1
B g(O)TQg(O) o )\min'

Qo

8.20
a. We rewrite f as

flx) = %CDTQ.’B —b'x— 22,

o] [

The eigenvalues of @ are 1 and 5. Therefore, the range of values of the step size for which the algorithm
converges to the minimizer is 0 < oo < 2/5.

where
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b. An eigenvector of Q corresponding to the eigenvalue 5is v = [1,1]" /5. We have * = Qb = [—11,9] /5.
Hence, an initial condition that results in the algorithm diverging is

-2
x T +v lQ]

8.21
In both cases, we compute the Hessian Q of f, and find its largest eigenvalue Apax. Then the range we seek
is 0 < a0 < 2/A\max-

a. In this case,

6 4
with eigenvalues 2 and 10. Hence, the answer is 0 < o < 1/5.
b. In this case, again we have
6 4
-1 4.
with eigenvalues 2 and 10. Hence, the answer is 0 < o < 1/5.
8.22
For the given algorithm we have
(B)T g(k))2
Me=B82=5) ( ()T (g<k> %m) ~Tg(k) )
@™ Qg™M) (g™ Q™ g™)

If 0 < B8 < 2, then §(2 — 3) > 0, and by Lemma 8.2,

> B2 - B) (M) >0

which implies that > 72, v& = co. Hence, by Theorem 8.1, (¥} — z* for any z(®.
If 6<0or 3 >2 then 3(2— () <0, and by Lemma 8.2,

et () <

By Lemma 8.1, V(z®) > V(2(®). Hence, if 2(® # x*, then {V(x®} does not converge to 0, and
consequently *) does not converge to z*.

8.23
By Lemma 8.1, V(z**t1) = (1 — ~;,)V(2®) for all k. Note that the algorithm has a descent property if
and only if V (z*+1)) < V(x®)) whenever gi*) # 0. Clearly, whenever g(¥) # 0, V(x*+1)) < V(x®)) if and
only if 1 — 4 < 1. The desired result follows immediately.

8.24
We have

2D _ g0 o g

and hence
<$(k+1) _ w(k)7vf(m(k+1))> _ ak<d(k)’vf(w(k+l))>.

Now, let ¢r(a) = f(x® + ad™). Since oy minimizes ¢y, then by the FONC, ¢, (ax) = 0. By the chain
rule, ¢}, () = d® TV f(x® + ad™). Hence,

0= ¢y (ar) = dPTVf(@® + apd®) = (d®, v f(2*+D)),
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and so
(*+D) — 20 7 (kD)) = 0.

8.25

A simple MATLAB routine for implementing the steepest descent method is as follows.

function [x,N]=steep_desc(grad,xnew,options);
% STEEP_DESC(’grad’,x0) ;

% STEEP_DESC(’grad’,x0,0PTIONS);

%

% x = STEEP_DESC(’grad’,x0);

% X = STEEP_DESC(’grad’,X0,0PTIONS);

A

% [x,N] = STEEP_DESC(’grad’,x0);

% [x,N] = STEEP_DESC(’grad’,X0,0PTIONS);

%

%The first variant finds the minimizer of a function whose gradient
%is described in grad (usually an M-file: grad.m), using a gradient
%descent algorithm with initial point x0. The line search used in the
%secant method.

%The second variant allows a vector of optional parameters to
%defined. OPTIONS(1) controls how much display output is given; set
%to 1 for a tabular display of results, (default is no display: 0).
%0PTIONS(2) is a measure of the precision required for the final point.
%0PTIONS(3) is a measure of the precision required of the gradient.
%0PTIONS(14) is the maximum number of iteratiomns.

%For more information type HELP FOPTIONS.

%

%The next two variants returns the value of the final point.

%The last two variants returns a vector of the final point and the
/number of iteratioms.

if nargin "= 3
options = [];
if nargin "= 2
disp(’Wrong number of arguments.’);
return;
end
end

if length(options) >= 14
if options(14)==
options(14)=1000*length(xnew) ;
end
else
options(14)=1000*1length (xnew) ;
end

clc;
format compact;
format short e;

options = foptions(options);
print = options(1);
epsilon_x = options(2);
epsilon_g = options(3);
max_iter=options(14);

for k = 1:max_iter,
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XCUrr=xnew;
g_curr=feval (grad,xcurr) ;
if norm(g_curr) <= epsilon_g

disp(’Terminating: Norm of gradient less than’);

disp(epsilon_g);

k=k-1;

break;
end %if

alpha=linesearch_secant(grad,xcurr,-g_curr);
xnew = xcurr-alpha*g_curr;

if print,
disp(’Iteration number k =’)
disp(k); %print iteration index k
disp(’alpha =7);
disp(alpha); ‘print alpha
disp(’Gradient = ’);
disp(g_curr’); %print gradient
disp(’New point =’);
disp(xnew’); %print new point

end %if

if norm(xnew-xcurr) <= epsilon_x*norm(xcurr)
disp(’Terminating: Norm of difference between iterates less than’);
disp(epsilon_x);
break;

end %if

if k == max_iter
disp(’Terminating with maximum number of iterations’);
end %if
end %for

if nargout >= 1
X=Xnew;
if nargout ==
N=k;
end
else
disp(’Final point =’);
disp(xnew’);
disp(’Number of iterations =’);
disp(k);
end %if

To apply the above MATLAB routine to the function in Example 8.1, we need the following M-file to
specify the gradient.
function y=g(x)
y=[4*(x(1)-4).73; 2x(x(2)-3); 16*%(x(3)+5)."3];

We applied the algorithm as follows:

>> options(2)
>> options(3)

107 (-6);
10°(-6);
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>> steep_desc(’g’,[-4;5;1] ,options)

Terminating: Norm of gradient less than
1.0000e-06
Final point =
4.0022e+00  3.0000e+00 -4.9962e+00
Number of iterations =
25

As we can see above, we obtained the final point [4.002,3.000, —4.996] " after 25 iterations. The value of
the objective function at the final point is 7.2 x 10710

8.26
The algorithm terminated after 9127 iterations. The final point was [0.99992,0.99983] "

9. Newton’s Method

9.1
a. We have f'(z) = 4(x — z0)® and f”(z) = 12(z — 70)?. Hence, Newton’s method is represented as

(k) _
2O — k) T - Zo.

(=)

b. From part a, y*) = |2 — zq| = (2/3)[x* D — 2| = (2/3)yF~1).

which upon rewriting becomes

m(k+1) — Xy =

[SCRI )

c. From part b, we see that y*) = (2/3)*y(®) and therefore y*) — 0. Hence z*) — z; for any z(%).

d. From part b, we have
245D — )

\o}

li = li 2 >0
im ———— = lim - =-
k—o0 ‘l‘(k:) — LL'()| k—o0 3 3
and hence the order of convergence is 1.

e. The theorem assumes that f”(z*) # 0. However, in this problem, x* = ¢, and f”(z*) = 0.

9.2
a. We have

le D) — 2| = |2®) — 2 — g £ (=),
By Taylor’s theorem applied to f/,
Fa®) = ') + (@) @™ —2*) +o(ja™ —a¥).
Since f'(z*) = 0 by the FONC, we get

a® — a2 —ap f' (™)

(1= arf" (@) (@™ — %) + apo(|jz™ — z7|)
= o(jz™ — 27|) + ago(|z® — 2¥)
= (1+ap)o(jz® —z*|).
Because {ay} converges, it is bounded, and so (1 + ag)o(|z*) — z*|) = o(|z*) — 2*|). Combining the above

with the first equation, we get
5D — ¥ = o2 — 27)),
which implies that the order of convergence is superlinear.

b. In the secant algorithm, if z*) — z*, then (f'(z®) — f/(2*=1))/(x® — 2+=1) — f”(2*). Since the
secant algorithm has the form z(*+1) = x(k) —ay f'(z(R) Wlth ap = () ==Y /(f(x®) — f/(xF=D)), we
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deduce that o, — 1/f"(2*). Hence, if we apply the secant algorithm to a function f € C2, and it converges
to a local minimizer z* such that f”(z*) # 0, then the order of convergence is superlinear.

9.3
a. We compute f'(z) = 42'/3/3 and f"(x) = 42~2/3/9. Therefore Newton’s algorithm for this problem
takes the form ()11/3
_ gy A
A(z®))~2/3 /9

(kD)

b. From part a, we have 2(*) = 282(0) " Therefore, as long as z(?) # 0, the sequence {x(k)} does not converge
to 0.

9.4
a. Clearly f(x) > 0 for all . We have

f®)=0 & 23—27=0 and 1-2;=0
s x=[1,1".

Hence, f(z) > f([1,1]") for all  # [1,1]T, and therefore [1,1] is the unique global minimizer.

b. We compute

Vi@ - 40023 — 4002175 + 231 — 2
200(z2 — %)
Flz) — 120022 — 40029 +2 —4001;
—40021 200

To apply Newton’s method we use the inverse of the Hessian, which is

» 1 200 4002,
F(x) " = 5 ) .
80000(x] — x2) +400 | 400z 1200x% — 400z + 2
Applying two iterations of Newton’s method, we have () = [1,0]T, ® = [1,1]T. Therefore, in this

particular case, the method converges in two steps! We emphasize, however, that this fortuitous situation is
by no means typical, and is highly dependent on the initial condition.

c. Applying the gradient algorithm x*+1) = x*) — o, Vf(x*)) with a fixed step size of a;, = 0.05, we
obtain ) =[0.1,0] ", 2 = [0.17,0.1]T.

9.5
If (9 = z*, we are done. So, assume x(?) # z*. Since the standard Newton’s method reaches the point a*
in one step, we have

fa®+Q7'g")
= min f(x)
< 7@ +0Q g

fx”)

for any a > 0. Hence,

oo = argmin f(z¥ + aQ1g®) = 1.
a>0

Hence, in this case, the modified Newton’s algorithm is equivalent to the standard Newton’s algorithm, and
thus (M) = z*.

10. Conjugate Direction Methods
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10.1
We proceed by induction to show that for k¥ = 0,...,n — 1, the set {d(o), .. .,d(k)} is Q-conjugate. We
assume that d*) #0,i=1,...,k, so that d(i)TQd(i) # 0 and the algorithm is well defined.

For k = 0, the statement trivially holds. So, assume that the statement is true for £k < n — 1,
{d(o), ey d(k)} is Q-conjugate. We now show that {d(o), L, d® } is Q-conjugate. For this, we need only
to show that for each j =0,...,k, we have d(kH)TQd(j) = 0. To this end,

] (k+1)TQd( i)
d*0TQdw) = [ ptHnT _NTP dOT | Qd¥
iz:g d(i)TQd(i)
k kDT g

kDT gl — NP Qd™ )T g

p Qd Z d(Z)TQd(Z) Qd

=0
By the induction hypothesis, d(i)TQd(j) = 0 for ¢ # j. Therefore
_ ) k+DT Ol . .

DT Qgl) — pktDT gl _ P QA )T gl —

d QdV’' =p Qd TQd0 dV’' Qd 0.

In the above, we have assumed that the vectors d™ are nonzero (so that d(k)TQd(k ) # 0 and the algorithm
is well defined). To prove that this assumption holds, we use induction to show that d® is a (nonzero)
linear combination of p(©@, ... p®*) (which immediately implies that d™ is nonzero because of the linear
independence of p(®, ... p(*),

For k = 0, we have d" = p© by definition. Assume that the result holds for k < n — 1; i.e., d® =
Z?:o agk)p( ) where the coeflicients a(k) are not all zero. Consider d**1:

k
dEHD (k+1 Z B; d®
=0
k i .
GRS
k
R 9 LD
Jj=0i=j
So, clearly d**1) is a nonzero linear combination of pO . ptth),

10.2
Let k € {0,...,n— 1} and ¢p(a) = f(x® + ad™). By the chain rule, we have

¢ () = VI (@® + apd®)Td®) = g:+DT k),
Since g(k+1)Td(l~c) = 0, we have ¢(ay,) = 0. Note that

1
or(a) = 3 (d(k)TQd(k)) a? + g™ Td® o + constant.

As ¢ is a quadratic function of « (with positive coefficient in the quadratic term), we conclude that ay =
argmin,, f(z® + ad®).

Note that since g(k)Td(k) # 0 is the coefficient of the linear term in ¢, we have ap # 0. For i €
{0,...,k— 1}, we have

. 1 . .
d(k)TQd(Z) ;k(w(k+1) _ w(’@))'er(l)
1 .
_ ;k(g(k+1) _ g(k))Td(z)
1 : ,
= o (g<k+1>Td(z> _ gumd(z))
= 0
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by assumption, which completes the proof.

10.3
From the conjugate gradient algorithm we have

BMToqk-1
40— g 4 90TQATD )
d* DT Qa1

Premultiplying the above by d(k)TQ and using the fact that d® and d*~V are Q-conjugate, yields

g®TQd* b

BTod* — _gBT ok
d™ Qd d™ Qg +d(k71)TQd(k71)

d(k)TQd(k—l)
_ —d(k)TQg(k).

10.4
a. Since Q is symmetric, then there exists a set of vectors {d(l),...,d(n)} such that Qd" = \,d®,
i=1,...,n, and d9TdY) =0, j # i, where the \; are (real) eigenvalues of Q. Therefore, if i # j, we have
d9TQdY) = dDT (\;d9) = \;(dPTdP) = 0. Hence the set {dV,...,d"™} is Q-conjugate.

b. Define A; = (V7 Qd")/(dV"d"). Let
dDT

D = :
dmT

Since @ is positive definite and the set {d(l), cee d(")} is @Q-conjugate, then by Lemma 10.1, the set is also
linearly independent. Hence, D is nonsingular. By Q-conjugacy, we have that for all i # j, d(i)TQd(j ) =0.
By assumption, we have d(i)T)\jd(j) = )\jd(i)Td(j) = 0. Hence, d(i)TQd(j) = /\jd(i)Td(j). Moreover, for
each ¢ = 1,...,n, we have d(i)TQd(i) =dPDT)\d" = )\id(i)Td(i). We can write the above conditions in
matrix form:

DQA" = D();d™).

Since D is nonsingular, then we have
Qd(i) _ )\id(i),
which completes the proof.

10.5
We have

d(k)TQd(k-H) _ ’ykd(k)TQg(k+1) + d(k)TQd(k).
Hence, in order to have d(k)TQd(kH) = 0, we need

d(k)TQd(k)

=T T Qg

10.6
We use induction. For k = 0, we have

d(o) = aog(o) = —agb € V.
Moreover, (®) = 0 € V,. Hence, the proposition is true at k = 0. Assume it is true at k. To show that it is

also true at k£ + 1, note first that
D = 20 4 qd®.
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Because 8 € v, C Vi+1 and d® ¢ Vi+1 by the induction hypothesis, we deduce that k1) ¢ Viet1-
Moreover,

dFTD = akg(k+1)+bkd(k)
= ap(Qe Y —b) 4 b d ™.

But because £*+1) ¢ Vi1, Qe — b € Viis. Moreover, d¥) € Vi1 C Vigo. Hence, d*Y € Vo,
This completes the induction proof.

b. The conjugate gradient algorithm is an instance of the algorithm given in the question. By the “expanding
subspace” theorem, we can say that in the conjugate gradient algorithm (with a(®) = 0), at each k, x®) is
the global minimizer of f on the Krylov subspace V;. Note that for all & > n, Vy11 = Vi, because of the
Cayley-Hamilton theorem, which allows us to express Q™ as a linear combination of I,Q,...,Q" .

10.7
Expanding ¢(a) yields

6a) = %(m0+Da)TQ(:c0+Da)—(sc0+Da)Tb

_ %aT (DTQD) a+a’ (DTQmO - DTb) n (;wJQwO - w§b> .

Clearly ¢ is a quadratic function on R”. It remains to show that the matrix in the quadratic term, DTQD,
is positive definite. Since Q > 0, for any a € R", we have

a’ (DTQD) a=(Da)TQ(Da) >0
e a’ (DTQD) a=(Da)"Q(Da) =0

if and only if Da = 0. Since rank D = r, Da = 0 if and only if @ = 0. Hence, the matrix DTQD is positive
definite.

10.8
a. Let 0<k<n-—1and 0<i<k. Then,

gk tDT g — gDT (g gli=1) _ gli)y
= Bi_1gktDT Gl _ g(k+DT 4(i)
0

by Lemma 10.2.
b. Let 0<k<n-—1 and 0 <i <k —1. Then,

g(k+1)TQg(i)
- (5kd(k) _ d(kﬂ))TQ(ﬂi,ld(i*l) —dW)
_ ﬂkﬂi—ld(k)TQd(i_l) _ ﬂkd(k)TQd(i) _ ﬂi_ld(k-l-l)TQd(i—l) + d(k+1)TQd(i)
0

by Q-conjugacy of d(kH)7 d(k)7 d® and 44~V (note that the iteration indices here are all distinct).

10.9
We represent f as
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The conjugate gradient algorithm is based on the following formulas:

(k)T g(k)
(k+1)  _ (k) (k) __9
T = VW4 aqd", ap= d(k)TQd(k)
k+DT k)
k1) (k41 (k) _9g Q

We have,
40— g0 — Qz© _p— p— l 01 ,

We then proceed to compute

gOTg® [O ’1} [_01] 1

ao = -— e .
d(O)TQd(O) [ [ 5 _3] [ 0 ] 2
0 -1
-3 2 -1

M) 2O 4 qug® — [0 L] O _ |0
A H 2 |—1 1/2]

We next proceed by evaluating the gradient of the objective function at x(!),

hoo a5 =3l o] [o] [-3/2
N AN N

Because the gradient is nonzero, we can proceed with the next step where we compute

5 -3 0
g7 Qd® {_3/2 0} [—3 21 [—1] 9

b T Qd 5 3/[o] &
[O *1} -3 2|1

Hence, the direction dW is

M _ () o _[3/2] 9fo]_[s2
47 =g+ fod _[o] 1 41‘[9/4'

Hence,

It is easy to verify that the directions d® and dV) are Q-conjugate. Indeed,

OT g1 110 -3] [3/2] _
4 Qd _[O 1} [_3 2 lg/J_o'

10.10

a. We have f(z) = 327 Qz — b' 2 where
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b. Since f is a quadratic function on R?, we need to perform only two iterations. For the first iteration we
compute

d0 - _9(0)2[3’1]7
5
oy = 55
M = [0.51724,0.17241) "
gt = [-0.06897,0.20690] .
For the second iteration we compute
Bo = 0.0047534
dV = [0.08324,—0.20214]
o = 5.7952
z® = [1.000,-1.000]".

¢. The minimizer is given by &* = Q~'b = [1, —1]T, which agrees with part b.

10.11
A MATLAB routine for the conjugate gradient algorithm with options for different formulas of Gy, is:

function [x,N]=conj_grad(grad,xnew,options);
% CONJ_GRAD(’grad’,x0);

yA CONJ_GRAD(’grad’,x0,0PTIONS) ;

%

A x = CONJ_GRAD(’grad’,x0);

% x = CONJ_GRAD(’grad’,x0,0PTIONS) ;

%

A [x,N] = CONJ_GRAD(’grad’,x0);

% [x,N] = CONJ_GRAD(’grad’,x0,0PTIONS);

%

%The first variant finds the minimizer of a function whose gradient
%is described in grad (usually an M-file: grad.m), using initial point
%x0.

%The second variant allows a vector of optional parameters to be
%defined:

%0PTIONS(1) controls how much display output is given; set

%to 1 for a tabular display of results, (default is no display: 0).
%0PTIONS(2) is a measure of the precision required for the final point.
7%0PTIONS(3) is a measure of the precision required of the gradient.
%0PTIONS(5) specifies the formula for beta:

%  0=Powell;

% 1=Fletcher-Reeves;

%  2=Polak-Ribiere;

%  3=Hestenes-Stiefel.

%0PTIONS(14) is the maximum number of iteratioms.

%For more information type HELP FOPTIONS.

%

%The next two variants return the value of the final point.

%The last two variants return a vector of the final point and the
Jnumber of iterations.

if nargin "= 3
options = [];
if nargin "= 2

disp(’Wrong number of arguments.’);
return;
end
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end

numvars = length(xnew) ;

if length(options) >= 14
if options(14)==

options(14)=1000*numvars;

end

else
options(14)=1000*numvars;

end

clc;
format compact;
format short e;

options = foptions(options);
print = options(1);
epsilon_x = options(2);
epsilon_g = options(3);
max_iter=options(14);

g_curr=feval (grad,xnew) ;

if norm(g_curr) <= epsilon_g
disp(’Terminating: Norm of initial gradient less than’);
disp(epsilon_g);
return;

end %if

d=-g_curr;
reset_cnt = 0;
for k = 1:max_iter,

XCUrr=xnewv;

alpha=linesearch_secant (grad,xcurr,d) ;
%alpha=-(d’*g_curr)/(d’*Q*d) ;

xnew = xcurr+alphax*d;

if print,
disp(’Iteration number k =’)
disp(k); %print iteration index k
disp(’alpha =’);
disp(alpha); ‘%print alpha
disp(’Gradient = °’);
disp(g_curr’); %print gradient
disp(’New point =’);
disp(xnew’); %print new point

end %if

if norm(xnew-xcurr) <= epsilon_x*norm(xcurr)
disp(’Terminating: Norm of difference between iterates less than’);
disp(epsilon_x);
break;

end %if

g_old=g_curr;
g_curr=feval (grad,xnew) ;

if norm(g_curr) <= epsilon_g
disp(’Terminating: Norm of gradient less than’);
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disp(epsilon_g);
break;
end %if

reset_cnt = reset_cnt+1;
if reset_cnt == 3*numvars
d=-g_curr;
reset_cnt = 0;
else
if options(5)==0 %Powell
beta = max(0, (g_curr’*(g_curr-g_old))/(g_old’*g_old));
elseif options(5)==1 }Fletcher-Reeves
beta = (g_curr’*g_curr)/(g_old’*g_old);
elseif options(5)==2 ),Polak-Ribiere
beta = (g_curr’*(g_curr-g_old))/(g_old’*g_old);
else %Hestenes-Stiefel
beta = (g_curr’*(g_curr-g_old))/(d’*(g_curr-g_old));
end %if
d=-g_curr+betaxd;
end

if print,
disp(’New beta =’);
disp(beta);
disp(’New d =);
disp(d);

end

if k == max_iter
disp(’Terminating with maximum number of iterations’);
end %if
end %for

if nargout >= 1
X=XNew;
if nargout == 2
N=k;
end
else
disp(’Final point =’);
disp(xnew’);
disp(’Number of iterations =’);
disp(k);
end %if

We created the following M-file, g.m, for the gradient of Rosenbrock’s function:

function y=g(x)
y=[-400* (x(2)-x (1) ."2)*x (1) -2%(1-x(1)), 200*(x(2)-x(1).72)]17;

We tested the above routine as follows:

>> options(2)=10"(-7);

>> options(3)=10"(-7);

>> options(14)=100;

>> options(5)=0;

>> conj_grad(’g’,[-2;2] ,options);

Terminating: Norm of difference between iterates less than
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1.0000e-07
Final_Point =
1.0000e+00  1.0000e+00
Number_of_iteration =
8
>> options(5)=1;
>> conj_grad(’g’, [-2;2] ,options);

Terminating: Norm of difference between iterates less than
1.0000e-07
Final_Point =
1.0000e+00  1.0000e+00
Number_of_iteration =
10
>> options(5)=2;
>> conj_grad(’g’, [-2;2] ,options);

Terminating: Norm of difference between iterates less than
1.0000e-07
Final_Point =
1.0000e+00  1.0000e+00
Number_of_iteration =
8
>> options(5)=3;
>> conj_grad(’g’, [-2;2] ,options);

Terminating: Norm of difference between iterates less than
1.0000e-07
Final_Point =
1.0000e+00  1.0000e+00
Number_of_iteration =
8

The reader is cautioned not to draw any conclusions about the superiority or inferiority of any of the
formulas for gy based only on the above single numerical experiment.

11. Quasi-Newton Methods

11.1
a. Let

o(a) = f(z® +ad®).
Then, using the chain rule, we obtain
¢ () =dP TV (2™ +ad®).

Hence
¢'(0) = d™ g™

Since ¢’ is continuous, then, if d®Tg*) < 0, there exists @ > 0 such that for all o € (0,a], ¢(a) < ¢(0),
ie., f(x® +ad®) < f(z®).

b. By part a, ¢(a) < ¢(0) for all « € (0, @]. Hence,

ay = argmin ¢(«) # 0
a>0

which implies that oy > 0.
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c. Now,
dPT gt — dWT f(@® 4 d™) = ¢} (ap).

Since ay, = argmings f(z® + ad™) > 0, we have ¢).(ar) = 0. Hence, g OTa® — g,
d.

i. We have d®) = —g®. Hence, d¥Tg®) = —|g®)|2. If g} £ 0, then ||g¥)||> > 0, and hence
dMTg® <0,

ii. We have d® = —F(xz®)~1g®)  Since F(z®) > 0, we also have F(z(®)~! > 0. Therefore,
dPTgk) = —gWTF(xt))~1gk) <0 if gtk £ 0.

iii. We have
dF) — ,g(k) + ﬂk_1d(k_1).

Hence,
dPTg " = —||g™ |2 4 g 1d* DT g,

By part ¢, d* YT g®) = 0. Hence, if gi*) # 0, then ||g®||? > 0, and

d(k)Tg(k) - _||g(k)||2 <0.
iv. We have d*) = —H g™, Therefore, if H;, > 0 and g(*) # 0, then d(k)Tg(k) =—g®TH,g® <.

e. Using the equation Vf(x) = Qx — b, we get
AR TGt gIT (QpD) )
= dPT(Q(z™ + apd®) —b)
— akd(k)TQd(k) + d(k)T(Qw(k) —b)
— akd(k)TQd(k) + d(k)Tg(k)_
By part ¢, d® T g(+1) = 0, which implies

B d®T gk)
d(k)TQd(k) ’

aE =

11.2
Yes, because:

1. The search direction is of the form d*) = Hka(x(k)) for matrix Hj;, = F(w(k))_l;
2. The matrix Hy = F(x®)~! is symmetric for f € C?;

3. If f is quadratic, then the quasi-Newton condition is satisfied: Hk+1Ag(i) = A:c(i), 0 <1< k. Tosee
this, note that if the Hessian is Q, then QAz™ = Ag”. Multiplying both sides by Hj, = Q™ ", we
obtain the desired result.

11.3
a. We have

f (m(k) + ad(k)) = (a:(k) + ozd(k))—r Q (m(k) + ad(k)) — (m(k) + ozd(k))T b+ec

1
2

Using the chain rule, we obtain

dif (m(k) + ad(k)) _ (m(k) + ad(k)>T Qd™ — dMTp,
(0%
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Equating the above to zero and solving for a gives
(w(mQ _ bT) d® = —_ad®TQd™,

Taking into account that g7 = 2z™TQ —b" and that d(k)TQd(k) > 0 for g(®) £ 0, we obtain

N g(k)rd(k) :g(k‘)THkg(k)
AT Qa® T ghT Q™

b. The matrix @ is symmetric and positive definite; hence o, > 0 if Hy = H ;— > 0.

11.4
a. The appropriate choice is H = F(z*)~!. To show this, we can apply the same argument as in the proof
of the theorem on the convergence of Newton’s method. (We won’t repeat it here.)

b. Yes (provided we incorporate the usual step size). Indeed, if we apply the algorithm with the choice of H
in part a, then when applied to a quadratic with Hessian Q, the algorithm uses H = Q ', which definitely
satisfies the quasi-Newton condition. In fact, the algorithm then behaves just like Newton’s algorithm.

11.5
Our objective is to minimize the quadratic

f(x) = %wTQaz —z'b+ec

We first compute the gradient Vf and evaluate it at (),

v/ ($<o>) —g® — Qa® _p— l—ll] ,

It is a non-zero vector, so we proceed with the first iteration. Let Hy = Iy. Then,
(0) (0) l 1 ]
d = —Hog = .

The step size aq is

|
ang = — = — — = -,
0 dOT Qd(o) 10 1 3
L
0 2| -1

Hence,

[ 2/3
1) — (0 d0 — .
€T TV + g _2/31

We evaluate the gradient V f and evaluate it at (!) to obtain

1 1 1 10 2/3 ! B
Vi (2V) = g0 = Q2™ —b= [0 2] lm} B [11 - [1/3]'

It is a non-zero vector, so we proceed with the second iteration. We compute H 1, where

- (Axw) B HOAgw)) (Aw@ _HOAgw))T
1= Ho+

AgOT <Aw(o> _ HOAg(O))
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To find H; we need to compute,

Ax® — 20 _ g _ | 231 Ag® Z g g0 | 23|
—-2/3 —4/3

Using the above, we determine,
Az — HyAg® = [2(/)3] and Ag®T (Aaf:(o) - HOAg(O)) = 7%

Then, we obtain

(Aw(o) — HOAg(O)> (Aw(o) - HOAg(O))T

H, = Hy+
! 0 AgOT (Am«n _H, Agm))

gk

0 1 -8/9
1o
o 1/2

1/3
dV = —H.qW = .
19 1/6

and

We next compute
gWTqm
Ta0TQad®

o] =

Therefore,

1
@) — g% — O db — .
€T T TV + oy [_1/21

Note that g2 = Qx® — b = 0 as expected.

11.6
We are guaranteed that the step size satisfies aj > 0 if the search direction is in the descent direction,
i.c., the search direction d® = —M,Vf(x®) has strictly positive inner product with —V f(z®) (sce

Exercise 11.1). Thus, the condition on M), that guarantees aj > 0 is Vf(x®*)T MV f(x®)) > 0, which
corresponds to 1 +a > 0, or a > —1. (Note that if « < —1, the search direction is not in the descent
direction, and thus we cannot guarantee that oy > 0.)

11.7
Let & € R™. Then

Az® — H.Ad™V(Az® — H.AqgNT
x Hyx = x Hyx+x' <( r KAgT)(Az KAg™) -

AgPT(Az® — H AgW)
(e (Az™ — H;Ag™))?
AgP T (Az® — H AgW)

= :cTHk:c +

Note that since Hy, > 0, we have = ' H 2 > 0. Hence, if Ag(k)T(Am(k)fHkAg(k)) >0, thenx' Hy 1z > 0.

11.8
The complement of the Rank One update equation is

(Ag(k) — BkA:c(k)) Ag(k) — B;CA:B(’C))—r
Az T(Ag® — B Az®)
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Using the matrix inverse formula, we get

Bt
= B; '
B B;l(Ag(k) — BAz®M)(Ag) — BkAw(k))Blzl
Az T (Ag® — Baz®) + (Ag®) — BpyAz®)T B 1 (AgW — BrAaz®)
(Az™ — B ' AgM)(az™ — B, ' Agt)T
Ag(k)T(Aw(k) _ BlzlAg(k)) '

=B, '+

Substituting H, for B,:l, we get a formula identical to the Rank One update equation. This should not
be surprising, since there is only one update equation involving a rank one correction that satisfies the
quasi-Newton condition.

11.9
We first compute the gradient Vf and evaluate it at (¥,

v/ (mw)) _ g — Qz® _p— l—lll _

It is a nonzero vector, so we proceed with the first iteration. Let Hg = I,. Then,

d® = _Hyg© — l 1 ] ,

The step size «q is

gOTdO® [_1 1} [—11] 9
EE

Hence,

[ 2/3
1) — £© d© — ,
T TV + g _2/31

We evaluate the gradient Vf and evaluate it at ! to obtain

Ny a1 0] [ 23 1] [-13
Vi (2) =g = QuV — b= [o 2] [—2/3] - [—11 - l—1/3] '

It is a nonzero vector, so we proceed with the second iteration. We compute H;, where

- (Aw@ N HOAg(m) (Am(m _HOAQ(O))T
1 =1+

AgOT (Amw) _ HOAgw))

To find H; we need

Ax® = 20 _ 5@ — | 231 Ag® = g g0 = | 23|
~9/3 —4/3

Using the above, we determine,

8
Az — HoAg® = [ 0 ] and AgOT (Aw(o) —HoAg(O)) =5

2/3
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Then, we obtain

H o (Aw(o) — HOAg(O)> (Aw(o) — HOAg(O))T
1 = 0o+

AgOT (Aw(m —H, Agm))

0 1 ~8/9
1o
o 1/2

1/3
dY = —H.gM = .
19 1/6

ks

and

Note that d(O)TQd(l) =0, that is, d® and dV) are Q-conjugate.

11.10
The calculations are similar until we get to the second step:

2 -2
B = [—1/2 1/2]
d? = o.

So the algorithm gets stuck at this point, which illustrates that it doesn’t work.

11.11
a. Since f is quadratic, and oy = argmin,, f(x®) 4 ad™), then

g®IT g
N d(k)TQd(k) ’

aE =

b. Now, d®) = —H g™, where H), = H,;r > (. Substituting this into the formula for oy in part a, yields

g(k)THkg(k)
ap = —
d(k)TQd(k)

11.12
(Our solution to this problem is based on a solution that was furnished to us by Michael Mera, a student in
ECE 580 at Purdue in Spring 2005.) To proceed, we recall the formula of Lemma 11.1,

(A u)(vT AT

(Atuv’)t=Aa""1—

1+vTA
for 1 +v " A7 u # 0. Recall the definitions from the hint,
Ay = By, ug= Ag(kA)g(Z)a:(k)’ va— = Ag(k)‘r7
and Ag AgHIT . B Az®)
A; =B+ AgPTAZH = Ay +upvy, U = " AT B Az’
and

v] = Az®T B,
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Using the above notation, we represent Bjy1 as

T T
By = Ag+wuovy +uiv,
Al + ’ull’lJI.

Applying to the above Lemma 11.1 gives

BFGS -
H, 7y = (Bpp1)"
= (Al + ’U,l’l)ir)_l
1 Al luw] AT

14+v] AT uy

- 1

Substituting into the above the expression for Afl yields

—1_ Ay luovg Ay’ T(a-1_ Aj'ugvg Ag'
Ay tugu] A, (AO 1+v] Ay tug w1y (Ao 1+v] Ag ' uo

TAL - Aj'uov] AGt
1—|—’U0A0 Ug 1+’UI<A017 0 oYy °0>'U,1

BFGS _ -1
H 7" = A

1+vOTA51u

Note that Ag = Bj. Hence, A;" = Bgl = H,. Using this and the notation introduced at the beginning of
the solution, we obtain

H; Ag®WAgHTH

Hkalcs — H, — k2g g k
Ag(k)TAm(k) + Ag(k)THkAg(k)
H Ag®Ag®TH, —BAz®aAz®T B,

(Hk - Ag(k)TAm(k)+Ag(k)THkAg(k)) ( Azx(®T B, Ax® )
- H,Ag®) AgW)TH,, —BpAzx*)
1+ A:L‘(k)TBk (Hk - Ag(k)TAkw(gk)_;'_Ag(k)THZAg(k)) (Aw(k)TkBkA:c“C))
A H,AgWAgHTH,
k Ag(k)TAw(k-) + Ag(k)THkAg(k) .

We next perform some multiplications taking into account that Hy = B,;l and hence

H.By, = B,H), =1I,,.

We obtain
FBFGS _ pr. H, Ag®Ag™TH,
g P AgOTAz®) £ AgT H, Ag®)
H.Ag® Ag®T Aa® Ag®TH,.
(1 — Ag(k)TAwk(kﬂkAg(%)THkAg(M) (7Am(k)A.’1:(k)T) (1 - Ag(k)TAz(m+Zg(k)TI’f1kAg(k))

Az®T B Az®) + Ag®)T (Bk _ Ag(mAﬁ(ﬁiﬁg;:;m%w) (—Az(k))

We proceed with our manipulations. We first perform multiplications by Az®) and Az®™T to obtain

FBFGS _ pg HiAg®MAg®TH
B T R T AGIT Az + AgWT HyAgh
Hi.AgF AgF)T Ag(®) k BT Ae®TAGFAgHT i
(Ag(k)-rkA,f(m+Aqg(k)*r;;kAg(k) — Azl )) (Aw( T — Ag(k):‘vrAm(k)z_Ag(g)THkAkg(k’))

k)T k) _ k)T k Ax(®TAgR) Ag®)T Ag(k)
A:]}( ) BkAZC( ) ACC( ) BkA:L'( )+ AgUC)TAm(k)—‘rAg(k)THkAg(k)
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Cancelling the terms in the denominator of the last term above and performing further multiplications gives

HkAg(k)Ag(k)THk
Ag(k)TAm(k) + Ag(k)THkAg(k)

H;,Ag® (Agoc)TAw(k))(AmmTAg(k))Ag(k)THk
AgRT Az®) +AgWHT H, Ag®)

(Aw(k)TAg(k)) (Ag(k)TAm(k))
(Aaj(k)TAg(k)) (Ag(k)TAgc(k))
AxzFTAgE)) (AgE)T Ag(k) ’
g g

BFGS _
Hk+1 =H, -

Further simplification of the third and the fifth terms on the right hand-side of the above equation gives

H Ag®W) AgWTH,
Ag(k)TA;c(k) + Ag(k)THkAg(k)
HAg®M) AgWTH,,
Ag(k)TAm(k) + Ag(k)THkAg(k)
(AzF)TAgHR)) (AgT A (k)
H, AgPAz®T + Az AgF T H,,
A;c(k')TAg(k') ’

BFGS __
Hk+1 =H, -

Note that the second and the third terms cancel out each other. We then represent the fourth term in
alternative manner to obtain

AxB) Ap®T Aad®T H. Ag®)
Hgflcs:Hk € z < g kg >

AT AgH AgT Az P
H,Ag® AT + Az Ag® T H,
Aq;(k)TAg(k) ’

which is the desired BFGS update formula.

11.13
The first step for both algorithms is clearly the same, since in either case we have

M =20 — 9.
For the second step,
dV = —H.gW
AdOTAGO\ AzODALOT
= —(I,+|1+ g = g a: d
Ag(o) Ax® Aw(O)TAg(O)
B AgOAzOT + (AgOALOTT )
AgOT Az g
B @ . Ag(O)TAg(O) A:B(O)Aw(O)Tg(l)
= 9 T U T 2g0TA20 | T Az 0T AgO)
N AgOAZ DT gD 4+ Ag@DAgOT gD
Ag(O)TAm(O) ‘

Since the line search is exact, we have
Aw(O)Tg(l) — aod(O)Tg(l) —=0.
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Hence,

AgOT gD
dV = —gW 4 9 _ 9 Az(©
AgOT Az

nT 0

_ g (997897 o)
Ag(O)Td(O)

= g+ fod

where
B g(l)TAg(O) B 9(1)T(g(1) _g(o))

Po = dOTAg® — qOT (g1 _ g(0))

is the Hestenes-Stiefel update formula for y. Since d? = —g© and gMWTg® =0, we have

By — gMT (g — g0
0T T goTg

which is the Polak-Ribiere formula. Applying g7 g(®) = 0 again, we get

gHT gV
Po= "7 0
g®Tg

which is the Fletcher-Reeves formula.

11.14
a. Suppose the three conditions hold whenever applied to a quadratic. We need to show that when applied
to a quadratic, for k=0,...,n—1and i =0,...,k, HkHAg(l) = Az™. For i = k, we have

Hk+1Ag(k) = H,Ag™ +U,Ag® by condition 1
= HkAg(k) + Az — HkAg(k) by condition 2
Aw(k),
as required. For the rest of the proof (i =0,...,k — 1), we use induction on k.

For k = 0, there is nothing to prove (covered by the i = k case). So suppose the result holds for k — 1.
To show the result for k, first fix ¢ € {0,...,k — 1}. We have

Hp 1 AgY = HAgY +UAgW
= Az 4 UkAg(i) by the induction hypothesis
Az® + a(k)Aa}(k)TAg(i) + b(k)Ag(k)THkAg(i) by condition 3.
So it suffices to show that the second and third terms are both 0. For the second term,
Az®TAgD = Az®TQAz®
= o d™TQdY
=0
because of the induction hypothesis, which implies Q-conjugacy (where @ is the Hessian of the given
quadratic). Similarly, for the third term,
Ag(k)THkAg(i) = Ag(k)TA:c(i) by the induction hypothesis
= AzMWTQAz®
= akaid(k)TQd(i)
= O7
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again because of the induction hypothesis, which implies Q-conjugacy. This completes the proof.

b. All three algorithms satisfy the conditions in part a. Condition 1 holds, as described in class. Condition
2 is straightforward to check for all three algorithms. For the rank-one and DFP algorithms, this is shown in
the book. For BFGS, some simple matrix algebra establishes that it holds. Condition 3 holds by appropriate
definition of the vectors a*) and b*). In particular, for the rank-one algorithm,

o — (Az™ — HyAg™) bk _ (Az™ — H Ag™) .
(Aa:(k) _ HkAg(k))TAg(k) ’ (Aw(k) _ HkAg(k))TAg(k)
For the DFP algorithm,
g A HyAg®
Az®TAgR)’ AgPTHLAg®
Finally, for the BFGS algorithm,
k) _ Ag(k)THkAg(k) Az HkAg(k) * Ax®)
e = Ag®T Az ®) Az®T AgH) - AgFT AzH)’ AT AP

11.15
a. Suppose we apply the algorithm to a quadratic. Then, by the quasi-Newton property of DFP, we have
EﬁPAg = Az® , 0 <i < k. The same holds for BFGS. Thus, for the given H, we have for 0 < i < k,

HiAgW = ¢HPE AGY + (1 - ¢)HIF AgW
= oAz + (1 - ¢)Az®
Azx®

which shows that the above algorithm is a quasi-Newton algorithm (and hence also a conjugate direction
algorithm).

b. By Theorem 11.4 and the discussion on BFGS, we have HDFP > 0 and HBFGS > 0. Hence, for any

x #£0,
e Hyx =gz HYPx + (1 - ¢)a HE 9%z > 0

since ¢ and 1 — ¢ are nonnegative. Hence, Hj > 0, from which we conclude that the algorithm has the
descent property if ay, is computed by line search (by Proposition 11.1).

11.16
To show the result, we will prove the following precise statement: In the quadratic case (with Hessian @),
suppose that Hk.+1Ag(i) = p,A:L'(i), 0<i<k,k<n-1 Ha; #0,0<i <k, then d9,. .. d**Y are
Q-conjugate.

We proceed by induction. We begin with the £ = 0 case: that d® and dV) are Q-conjugate. Because
g # 0, we can write d® = Aw(o)/ao. Hence,

d(l)TQd(O) — _g(l)Tﬂle(O)
QAz
ap
_ _ w7 Hi8g®
ag

= —g"WTH,

_ _g<1>TM
(&7s)

_ *Pog(l)Td(O).

But gMWTd® = 0 as a consequence of ag > 0 being the minimizer of ¢(a) = f(2© + ad®). Hence,

d(l)TQd(O) _
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Assume that the result is true for kK — 1 (where k < n — 1). We now prove the result for k, that is, that
d(o), ceey d* Y are Q-conjugate. It suffices to show that d(kH)TQd(l) =0,0<i<k. Giveni, 0<i <k,
using the same algebraic steps as in the k = 0 case, and using the assumption that «; # 0, we obtain

d(k-‘rl)TQd(i) _ ,g(k+1)THk+1Qd(i)

= gD gl

Because d(o), cee d® are Q-conjugate by assumption, we conclude from the expanding subspace lemma
(Lemma 10.2) that g* DT d® — 0. Hence, d**VTQd® = 0, which completes the proof.

11.17
A MATLAB routine for the quasi-Newton algorithm with options for different formulas of Hy, is:

function [x,N]=quasi_newton(grad,xnew,H,options);
% QUASI_NEWTON(’grad’,x0,HO) ;

% QUASI_NEWTON(’grad’,x0,HO,O0PTIONS) ;

%

A X
% X
%

YA [x,N] = QUASI_NEWTON(’grad’,x0,HO);

yA [x,N] = QUASI_NEWTON(’grad’,x0,HO,OPTIONS);

%

%The first variant finds the minimizer of a function whose gradient
%is described in grad (usually an M-file: grad.m), using initial point
%x0 and initial inverse Hessian approximation HO.

%The second variant allows a vector of optional parameters to be
%defined:

%0PTIONS(1) controls how much display output is given; set

%to 1 for a tabular display of results, (default is no display: 0).
%0PTIONS(2) is a measure of the precision required for the final point.
%0PTIONS(3) is a measure of the precision required of the gradient.
%0PTIONS(5) specifies the formula for the inverse Hessian update:

%  O=Rank One;

% 1=DFP;

% 2=BFGS;

%0PTIONS(14) is the maximum number of iteratioms.

%For more information type HELP FOPTIONS.

)

%The next two variants return the value of the final point.

%The last two variants return a vector of the final point and the
/number of iteratioms.

QUASI_NEWTON(’grad’,x0,HO) ;
QUASI_NEWTON(’grad’,x0,HO,0PTIONS) ;

if nargin "= 4
options = [];
if nargin "= 3
disp(’Wrong number of arguments.’);
return;
end
end

numvars = length(xnew);
if length(options) >= 14
if options(14)==
options(14)=1000*numvars;
end
else
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options(14)=1000*numvars;
end

clc;
format compact;
format short e;

options = foptions(options);
print = options(1);
epsilon_x = options(2);
epsilon_g = options(3);
max_iter=options(14);

reset_cnt = 0;

g_curr=feval (grad,xnew) ;

if norm(g_curr) <= epsilon_g
disp(’Terminating: Norm of initial gradient less than’);
disp(epsilon_g);
return;

end %if

d=-H*g_curr;
for k = 1:max_iter,

XCUrr=xnew;
alpha=linesearch_secant(grad,xcurr,d) ;
xnew = xcurr+alphax*d;

if print,
disp(’Iteration number k =)
disp(k); Y%print iteration index k
disp(’alpha =’);
disp(alpha); ’%print alpha
disp(’Gradient = ’);
disp(g_curr’); %print gradient
disp(’New point =’);
disp(xnew’); %print new point

end %if

if norm(xnew-xcurr) <= epsilon_x*norm(xcurr)
disp(’Terminating: Norm of difference between iterates less than’);
disp(epsilon_x);
break;

end %if

g_old=g_curr;
g_curr=feval (grad,xnew) ;

if norm(g_curr) <= epsilon_g
disp(’Terminating: Norm of gradient less than’);
disp(epsilon_g);
break;

end %if

p=alphaxd;
q=g_curr-g_old;

reset_cnt = reset_cnt+1;
if reset_cnt == 3*numvars
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d=-g_curr;
reset_cnt = 0;
else
if options(5)==0 %Rank One
q’*(p-Hx*q)
H = H+(p-Hxq)*(p-H*q) ’/(q’*(p-H*q)) ;
elseif options(5)==1 %DFP
H = H+pxp’/(p’*q)-(H*q) * (H*q) >/ (q’ *H*q) ;
else %BFGS
H = H+(1+q’*H*q/(q’*p))*p*p’/ (p’*q) - (Hxg*p’+(H*q*p’) ’)/(q’*p) ;
end %if
d=-H*g_curr;
end

if print,
disp(’New H =’);
disp(H);
disp(’New 4 =7);
disp(d);

end

if k == max_iter
disp(’Terminating with maximum number of iterations’);
end %if
end Yfor

if nargout >= 1
X=Xnew;
if nargout ==
N=k;
end
else
disp(’Final point =’);
disp(xnew’);
disp(’Number of iterations =’);
disp(k);
end %if

%___ _ _ _ -

We created the following M-file, g.m, for the gradient of Rosenbrock’s function:

function y=g(x)
y=[-400% (x(2)-x (1) . "2) *x (1) -2* (1-x (1)), 200*(x(2)-x(1)."2)]’;

We tested the above routine as follows:

>> options(2)=10"(-7);

>> options(3)=10~(-7);

>> options(14)=100;

>> x0=[-2;2];

>> HO=eye(2);

>> options(5)=0;

>> quasi_newton(’g’,x0,HO,options);

Terminating: Norm of difference between iterates less than
1.0000e-07
Final point =
1.0000e+00  1.0000e+00
Number of iterations =
8
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>> options(5)=1;
>> quasi_newton(’g’,x0,HO,options);

Terminating: Norm of difference between iterates less than
1.0000e-07
Final point =
1.0000e+00  1.0000e+00
Number of iterations =
8
>> options(5)=2;
>> quasi_newton(’g’,x0,HO,options) ;

Terminating: Norm of difference between iterates less than
1.0000e-07
Final point =
1.0000e+00  1.0000e+00
Number of iterations =
8

The reader is again cautioned not to draw any conclusions about the superiority or inferiority of any of
the formulas for Hj; based only on the above single numerical experiment.

11.18
a. The plot of the level sets of f were obtained using the following MATLAB commands:

>> [X,Y]=meshdom(-2:0.1:2, -1:0.1:3);
>> 7Z=X."4/4+Y.~2/2 -X.*Y +X-Y;

>> V=[-0.72, -0.6, -0.2, 0.5, 2];

>> contour(X,Y,Z,V)

The plot is depicted below:

15F

0.5

b. With the initial condition [0,0]T, the algorithm converges to [—1,0]", while with the initial condition
[1.5,1] T, the algorithm converges to [1,2] . These two points are the two strict local minimizers of f (as can
be checked using the SOSC). The algorithm apparently converges to the minimizer “closer” to the initial
point.

12. Solving Ax =b
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12.1
Write the least squares cost in the usual notation | Az — b||? where

The least squares estimate of the mass is

31
T=(ATA)T'ATb=
m* = (A" A) =0
12.2
Write the least squares cost in the usual notation | Az — b||? where
1 1 3
1 4 5
The least squares estimate for [a,b] " is
a* T AV-1 4T
[b*] = (A'A)TAD
—1
37 12
T 21 31
—1
12t 7] |2
S 14|-7 3 31
_ 1
149
5/2
9/14|"
12.3
a. We form
12/2 5.00
A= [22)2|, b= (195
32/2 44.0

The least squares estimate of g is then given by

g=(ATA)1ATH=9.776.

b. We start with Py = 0.040816, and (®) = 9.776. We have a; = 4%2/2 = 8, and bM) = 78.5. Using the RLS
formula, we get (") = 9.802, which is our updated estimate of g.

12.4
Let © = [21,72,...,2,]" and y = [y1,¥2,...,Yn] . This least-squares estimation problem can be expressed
as

minimize ||az — y||?,

with « as the decision variable. Assuming that & # 0, the solution is unique and is given by

zly Y wy

o =(@'w) ety = e Y a?
1= K2
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12.5
The least squares estimate of R is the least squares solution to

1-R = W1
1-R = V,.
Therefore, the least squares solution is
-1
1 |%1
Vit -+ V,
R =|[,...,1" m... 7| | =2t
: n
1 Vi
12.6
We represent the data in the table and the decision variables a and b using the usual least squares matrix
notation: )
1 2 6
a
A=1[1 1|, b= |4/, a;:H.
3 2 5

The least squares estimate is given by

e o am a1 o] "[2s] 1 [9 —o][2s] [-12
=y A A "o o 26| " 18|-9 11| |26]  |61/18]"

12.7
The problem can be formulated as a least-squares problem with
0.3 0.1 5
A=104 02|, b= |3,
0.3 0.7 4

where the decision variable is @ = [z, 23], and z; and x2 are the amounts of A and B, respectively. After
some algebra, we obtain the solution:

1 054 —0.32] [3.9
* ATA —lATb — .
@ =(4°4) (0.34)(0.54) — (0.32)2 |-0.32  0.34 | |3.9

Since we are only interest in the ratio of the first component of =* to the second component, we need only

explicitly compute: 0.54—0.32  0.22

—-0.3240.34 ~ 0.02

Ratio = 11.

12.8
For each k, we can write

Y = aYp—1 +buy + v
= a’yp_2 + abug_1 + avi_1 + bug + vy

= " ouy + aFPbug + - bu +aF oy F a4 g

79



Write w = [u1,...,u,) ", v =[v1,...,v,] ", and y = [y1,...,%n] . Then, y = Cu + Dv, where

b0 - 0 1 0 - 0
C— ab b o ’ p_| @ 1
: a .0 :
a”p ... ab b a1l gn—2 ... 1

Write b = D 'y and A = D'C so that b = Au + v. Therefore, the linear least-squares estimate of u
given y is

w'=(ATA)ATb=(C'D "D'C)"'Cc"'D "D y.
But C = bD. Hence,

1 0o --- 0

1 1 (- 1 RER

u*'=-Dly=2 “ y.

b b | - - .
: 0
0 -+ —a 1

(Notice that D' has the simple form shown above.)
An alternative solution is first to define z = [z1,..., 2, T by 2zr = yr — ayr_1. Then, we have z = bu +v.

]
Therefore, the linear least-squares estimate of u given y (or, equivalently, z) is

1 o --- 0
" 1f{-a 1 v
u'=-z=- .
b 0
0 —a 1
12.9
Define _ _
1 Y1
X=|: , y=
zp 1 Yp

Since the x; are not all equal, we have rank X = 2. The objective function can be written as
2

f(a7b)=‘X m ~y

Therefore, by Theorem 12.1 there exists a unique minimizer [a*,b*]" given by

D 2 -1
— =125 Ez*l Ty Ei:l TilYi
folxl p Zf:1yi
_xz x| |xY
X Y
- | 1 X [xv
CoXZ-o(X)e2|-X X2||Y
XY -(X)(Y)
— __Xe—(x)2
(X2 (¥) - (X)(XT)
2_(X)2



As we can see, the solution does not depend on Y2.

12.10
a. We wish to find w and 6 such that

sin(wt; +60) = 1

sin(wt, +0) =y,
Taking arcsin, we get the following system of linear equations:

wt; +6 = arcsiny;

wt, +6 = arcsiny,.

b. We may write the system of linear equations in part a as Ax = b, where

t1 1 arcsin y;

w
A= = b=
. . ) Z [9]7
1

2% arcsin

Since the t; are not all equal, the first column of A is not a scalar multiple of the second column. Therefore,
rank A = 2. Hence, the least squares solution is

x = (ATA)1ATb

-1
1t Yt P t;arcsiny;
Z?:l ti p Zf:l arcsin y;

| S

-1

[ 7| 1Y

T 1 Y

B 1 1 -T| [Tv

TP (T2 |-T T*||Y

_ 1 TY — (T)(Y)
T2 (T2 |—(D)(TY)+ (T?)(Y)

12.11
The given line can be expressed as the range of the matrix A = [1,m]T. Let b = [z, 5] " be the given point.
Therefore, the problem is a linear least squares problem of minimizing ||Ax — b||>. The solution is given by

v = (ATA)TATp = T
1+ m?2

Therefore, the point on the straight line that is closest to the given point [z, 0] is given by [z*, ma*]T.
12.12
a. Write

:1:1r 1 Y1

A= | | eRrpx(tl) z = [a e R, b=|:| eRr.
Do . :
:1:;)r 1 Yp

The objective function can then be written as || Az — b]|?.
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b. Let X = [z1,...,x,]" € RP*" and e = [1,...,1]T € RP. Then we may write A = [X
to the problem is (AT A)~'ATb. But
T X'X X'e| |[X'X 0
A A= ¢ = T
e' X p 0 p
since X 'e=x; +---+ x, = 0 by assumption. Also,
XTy 0
ey ey

since XTy =11 + - + ypxp, = 0 by assumption. Therefore, the solution is given by
0

=[]

The affine function of best fit is the constant function f(x) = ¢, were

1&

(X"'x)!

2 =(ATA)'ATb= l oT

12.13

e]. The solution

a. Using the least squares formula, we have

U1

n
N R s un] |- sz —
w, n k=1 Uk
b. Given u, =1 for all k, we have
g, =1 = L Xn: 0+ep) =0+~
Ty e oLt
k: k: =
Hence, 6,, — 0 if and only if lim,_ o S e =0.

12.14

We pose the problem as a least squares problem: minimize || Az — b||?> where x = [a, b]
Zo 1 T
A= Iy 1 5 b= xTo
) 1 I3
We have
2 2 2
ATA= 21‘2:0 %2 Zizo T ATy = Zizo TiTit1 .
im0 i 3 Dm0 Tit1

Therefore, the least squares solution is

-l

Z?:o Ty
3

7/2
1/6

2
212:0 sz
DicoTi

SRR
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12.15
We pose the problem as a least squares problem: minimize || Az — b||> where = [a,b] ", and

0 1 hy
hl 0 h2

A = . 5 b =
hn—l 0 hn

(note that hg = 0). We have

n— n—1
ATA _ Zi:ll h% 0 ATb — Zi:l h’Zh’LJrl )
0 1|’ hy

The matrix A" A is nonsingular because we assume that at least one hy, is nonzero. Therefore, the least
squares solution is

H _ FLE 2 O]l [zz;f hz—hm] _ [(22;5 hihig) /(1) h%)}
0 1 hi hy .

12.16
We pose the problem as a least squares problem: minimize || Az — b||? where = [a,b] ", and

0 1 S1

S1 1 So
A=| |, b=

Sp—1 1 Sn

(where we use so = 0). We have

-1 -1 -1
ATA — Z’?:jl S% Z?:l Si ATb _ Z?:l $iSi+1 )
Z?:l Si n ’ Z?:l S;

The matrix A" A is nonsingular because we assume that at least one s is nonzero. Therefore, the least
squares solution is

p— — 71 —
al _ Yo sl Tidsi Yy sisivl
b Z;L:_ll i n D Si

1 nY R SiSie1 — Yooy Si Yoy Si
1 —1 1 -
nS ol s2 (Zn_l si)z =Dy Si iy SiSitl + D iy 81 D iy Si

i=1 5i — i=1

12.17
This least-squares estimation problem can be expressed as

minimize ||az — y|?.

If = 0, then the problem has an infinite number of solutions: any a solves the problem. Assuming that
x # 0, the solution is unique and is given by



12.18
The solution to this problem is the same as the solution to:

1
minimize §||a; —b|?
subject to z € R(A).

Substituting = Ay, we see that this is simply a linear least squares problem with decision variable y. The
solution to the least squares problem is y* = (ATA)_lATb, which implies that the solution to the given
problem is z* = A(ATA)"'ATb.

12.19
We solve the problem using two different methods. The first method would be to use the Lagrange multiplier
technique to solve the equivalent problem,

minimize ||z — xol?
subject to h(z) = {1 1 1] z—1=0,
The lagrangian for the above problem has the form,
I(x,\) = 2?2 + (z2 + 3)% + 22 + Az + 22 + 23 — 1).
Applying the FONC gives

21 + A
Vel = |29+ 6+ A and x4+ x9+xz3—1=0.
2%3 + A
Solving the above yields
4
3
T = —%
4
3

The second approach is to use the well-known solution to the minimum norm problem. We first derive a
general solution formula for the problem,

minimize ||z — x|
subject to Ax =b,

where A € R™*™ m < n, and rank A = m. To proceed, we first transform the above problem from the
coordinates into the z = & — oy coordinates to obtain,

minimize | z||
subject to Az =b— Ax.

The solution to the above problem has the form,
-1
2 = AT (AAT) (b — Aao)
-1 -1
— AT (A47) b-AT(447)  Aa,
Therefore, the solution to the original problem is
-1
¢ = AT <AAT) (b— Axo) + o
-1 -1
= AT (AAT) b-AT(AAT) Ao+ ag
—1 —1
— A7 (A447) b+ <In ~ AT (A47) A> 0.
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We substitute into the above formula the given numerical data to obtain

1 2 1 1
3 3 —3 3|0
S o2 i |
z = |3+ |-3 3 3 3
1 i 1 2
L3 -3 —3 3]0
[ 4
3
- |
3
4
3

12.20
For each © € R", let y =  — xy. Then, the original problem is equivalent to

minimize lyl]
subject to Ay =0b— Axg,

in the sense that y* is a solution to the above problem if and only if * = y* 4+ x( is a solution to the original
problem. By Theorem 12.2, the above problem has a unique solution given by

y'=AT(AAT) ' (b—Ax)) = AT(AAT) 'b— AT(AAT) ' Axy.
Therefore, the solution to the original problem is
z*=AT(AAT) "o - AT(AA ) Az +axg=AT(AAT) b+ (I, — AT (AAT) T A)ay.

Note that

[ =zl = o

= [AT(AAT) (b - Axo)|
|AT(AAT) ' — AT (AAT) Az

12.21
The objective function of the given problem can be written as

f(x) = ||Bx — ¢,

where

The solution is therefore
T T T T 1 T T 1<
z*=(B'B)"'B'e=(pA"A)TTAT (b1 +---+b,)=-)> (ATA)TTATb; == af

Alternatively: Write
|Az —b;|? =2 AT Az — 22T ATb; + ||b;|?

Therefore, the given objective function can be written as
pr AT Az — 22T AT (by + -+ b,) + b2+ -+ b

The solution is therefore

= (pATA)TTAT(by 4+ +b,) =

p
*

2@l

i=1
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Note that the original problem can be written as the least squares problem
minimize || Az — b||?,
where
by +---+ bp
—

b:

12.22
Write

|Az —b]|? =2 AT Az — 22" ATb; + ||b;|?
Therefore, the given objective function can be written as
(a1 4+ Fap)x AT Az — 22T AT (a1by + -+ apby) + ay||br]|* 4 - + ayp|bs .

The solution is therefore (by inspection)

1 p
* T —1 4T _ e ek
r = ((O[1++ap)A A) A (a1b1+-..+0épbp) = mzalwz —izzlﬁlwi7

where 5; = /(o1 + -+ + ).
Note that the original problem can be written as the least squares problem
minimize || Az — b||?,
where

O[1b1+"'+04pbp
a1+...+ap :

b—

12.23
Let * = AT(AAT)_lb. Suppose y* is a point in R(AT) that satisfies Ay* = b. Then, there exists
z* € R™ such that y* = A" 2*. Then, subtracting the equation A(AT(AAT)_lb) = b from the equation
A(ATz*) = b, we get

(AAT)(z* — (AAT)"'b) = 0.
Since rank A = m, AA" is nonsingular. Therefore, z* — (AAT)’lb = 0, which implies that
y* _ AT * AT(AAT)flb — *.

Hence, * = AT (AAT)~ b is the only vector in R(A") that satisfies Az* = b.

12.24
a. We have
2 = (AJ Ap) A B =G tA b,
Similarly,
M = Al A)tA] b = Ggrtal bW,
b. Now,
A
T 1
Gy = [Al al] [a?]
= AIAl + (110,1'—
= G1+ alalT.
Hence,

Gl = Go — alalT.
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c. Using the Sherman-Morrison formula,

P, = G;!
(GO —aa
1 Gyl(-ai)a]{ Gy
1+ (—a))TGylay
Pya,a] Py
1-— aIPga{

T)fl

- 0

- P+

d. We have
AJbY = GuGy'AS b
= Gom(o)
= (G +aja))z?
= G129 +aja] 2.
e. Finally,

2V = GitAlp®W
= Gl_l(AIb(l) + a1b1 - albl)
= Gl_l (A(—)rb(o) — albl)

= Gi! (Glcc(o) +aja] ) — albl)
= 29 -G'a (b1 - alTw(O)>
= 20— Pia; <b1 — a?w(o)) .

The general RLS algorithm for removals of rows is:

T
Pkak+1ak+1Pk

P(k-‘rl) - P
Bt 1-— a2+1Pkak+1
2D 2™ — Py ian (bk+1 _ a;rlm(k)) _

12.25
Using the notation of the proof of Theorem 12.3, we can write

AR(k)+1

e = 2®) 4 p(brpy e — aJT%(k)ﬂw(k))i”aR(kHlHg.

Hence,

k—1
k) _ 12— p) T (i) )
x\ = E = (bR(i)+1 — AR 41T ar;

i=0 (|IaR(k)+1||2( A R@)+1 ) ) artr

which means that *) is in span[a, ..., a;,] = R(AT).
12.26
a. We claim that 2* minimizes ||z — (%) subject to {x : Az = b} if and only if y* = * — x(®) minimizes
lly|| subject to {Ay = b— Az},

To prove sufficiency, suppose y* minimizes ||y| subject to {Ay = b — Az}, Let z* = y* + =(©).
Consider any point 1 € {x : Ax = b}. Now,

Az, —2) =b— Az,
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Hence, by definition of y*,
lz1 — 2O > [ly*]| = [|lz* — 2.

Therefore * minimizes ||x — x(?)|| subject to {z : Az = b}.
To prove necessity, suppose &* minimizes ||& — x(©| subject to {x : Ax = b}. Let y* = x* — 2(®.
Consider any point y, € {y : Ay = b— Az(©}. Now,

Ay, + @) =b.
Hence, by definition of x*,
Iyl = gy +2@) 2@ > |2* 2| = ||y

Therefore, y* minimizes ||y|| subject to {Ay = b — Az(®)},
By Theorem 12.2, there exists a unique vector y* minimizing ||y|| subject to {Ay = b — Az(®}. Hence,
by the above claim, there exists a unique «* minimizing || — x(©)|| subject to {x : Az = b}

b. Using the notation of the proof of Theorem 12.3, Kaczmarz’s algorithm is given by

ek — p(k) 4 1(br(ky+1 — a;(k)+lw(k))aR(k)+l'

Subtract () from each side to give

(@) —2®) = (2™ — 2() + 1((Or)+1 — ag(k)ﬂ“’(o)) - a%(k)ﬂ(m(k) - $(0)))03(k)+1-

Writing y®) = 2 — 2 we get
y* ) =y 4 ((Ork)+1 — a;(k)+1w(0)) - a;(k)Jrly(k))aR(k)-&-l«

Note that y(® = 0. By Theorem 12.3, the sequence {y(k)} converges to the unique point y* that minimizes
|yl subject to {Ay = b — Ax(@}. Hence {x*} converges to y* + x(®). From the proof of part a,
x* = y* + (¥ minimizes || — (©)| subject to {& : Az = b}. This completes the proof.

12.27
Following the proof of Theorem 12.3, assuming ||a|| = 1 without loss of generality, we arrive at

e+ — a2 = ) — a*[? — p(2 - p)(a (@® — 7).

Since ), 2* € R(A) = R([a"]) by Exercise 12.25, we have *) — x* € R(A). Hence, by the Cauchy-
Schwarz inequality,
('@ —2%)) = a?|lz® —2*|* = 2 — 2|,

since ||a|| = 1 by assumption. Thus, we obtain
Iz —2*|? = (1 — w2 - w)llz™ - 27|* = 22" —"|?

where v = /1 — u(2 — p). Tt is easy to check that 0 < 1 — u(2 — u) < 1 for all € (0,2). Hence, 0 < v < 1.

12.28
In Kaczmarz’s algorithm with g = 1, we may write

k+1 k T k) QR(k)+1
™ = 2™ 4 (b 11 — agy @ )HUIR(k‘)-i-l”Q'
Subtracting * and premultiplying both sides by ag( k)+1 yields
* * AR(k)+1
afpy e (@ —x) = apgyn (w(k) — " + (Drky+1 — B gy @™ ||aR(k>+1||2>

= a;(k)-&-lw(k) — apy1® + (Ork)+1 — a;(k)+1m(k))

DR(k)+1 — QR 1T
0.
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Substituting a;( )Ha: = br(k)+1 yields the desired result.

12.29
We will prove this by contradiction. Suppose Cx* is not the minimizer of || By — b]|?> over R". Let § be the
minimizer of || By — b||? over R". Then, ||B§ — b||?> < ||BCx* — b||?> = ||Az* — b||. Since C is of full rank,
there exists £ € R™ such that § = C&. Therefore,

|Az —b|* = |[BC% — b]|* = | By — b* < [|Az” — b]”

which contradicts the assumption that * is a minimizer of || Az — b||? over R™.

12.30
a. Let A = BC be a full rank factorization of A. Now, we have AT = CTB, where B = (B"B)"'B" and
C'=cC"(CcCT)7'. On the other hand (A")T = (CTBT)!. Since AT = C’TB—r is a full rank factorization
of AT, we have (AT)T = (C"B")f = (B")T(C")!. Therefore, to show that (A7) = (A")T, it is enough
to show that

(BN = (BH

(chHt = (h’.
To this end, note that (B")f = B(B'B)™!, and (C")! = (CC")"'C. On the other hand, (B")T =
(B'"B)~ 1BT) =B(B'B) " and (CHT =(CT(cc) )T =(CcCT)~'C, which completes the proof.

b. Note that AT = CTBT, which is a full rank factorization of A'. Therefore, (A" = (B")T(CT). Hence,
to show that (AT)T = A, it is enough to show that

(BT = B
chHt = c.

To this end, note that (B)t = (B"B)"'!B")! = B since B is a full rank matrix. Similarly, (CT)f =
(CcT(cCcT)y H = C since CT is a full rank matrix. This completes the proof.

12.31
=: We prove properties 1-4 in turn.

1. This is immediate.

2. Let A = BC be a full rank factorization of A. We have A" = C'B', where B = (B"B)"'B" and
ct=cT(cCc)=!. Note that BIB =TI and CC' = I. Now,

ATAAt = co'B'Bcc'Bf
= c'Bf
= Af.

3. We have

(AAN)T (B CTBT)
= (BB")T
(BT)TBT
((BTB> 1BT)TBT
B(B'B)"'B'
— BBf
BCC'B'
= AAT
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4. We have

(AtA)T

(C'B'BC)"
cto)’

CT(CT)T
CT(CT(CCT)—l)T
c'cch'c
cic

C'B'BC

ATA.

«<: By property 1, we immediately have AATA = A. Therefore, it remains to show that there exist
matrices U and V such that AT =UAT and AT = ATV.

For this, we note from property 2 that A" = ATAAT. But from property 3, AAT = (AA‘L)—r = (AT)TAT.
Hence, AT = AT(AT)TAT. Setting U = AT(A")T, we get that AT=UA".

Similarly, we note from property 4 that ATA = (ATA)T = AT (A")T. Substituting this back into property
2 yields AT = ATAAT = AT (AT AT, Setting V = (A" T AT yields AT = AT V. This completes the proof.

12.32

(Taken from [23, p. 24]) Let

—_ = O

100
Ay=10 1 0
00 0
100
Al=10 1 0| =4,
00 0
0 0
0:1[010}
0 1

0 0 0
A=1(0 1 1
0 1 0
We compute
0 0
Al=10o 0 1],
01 -1
We have
0
A1A2: 0
0
which is a full rank factorization. Therefore,
(A1 A,)T
But
AfAl =

Hence, (A;Ay)T # ALAL

0 0 0
0 1/2 1/2
0 0 0
00 0
00 1
00 0

13. Unconstrained Optimization and Feedforward Neural Networks

13.1

a. The gradient of f is given by

Vf(w)

~Xa(y,— X w).
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b. The Conjugate Gradient algorithm applied to our training problem is:

1.

2.

Set k := 0; select the initial point w(©).
90 = X (y, — X Jw®). If g0 = 0, stop, clse set d® = —g(®.

B AT (k)
. Q= _d(k)Tdegd(lc)
A w(k+1) — w(k) + Ofkd(k)

CgF ) = Xy, — X jwt D). If g+ = 0, stop.

6 _ g(kJrl)TXdX;d(k)
k — d(k)TXdX;iFd(k)

d(k+1) — _g(k+1) + ﬁkd(k)

. Set k:=k+1; go to 3.

c. We form the matrix X4 as

-0.5 —-0.5 —-0.5 0 0 O 0.5 05 0.5

X, =
—05 0 05 —05 0 05 —05 0 05

and the vector y, as

Yy, = [—0.42074, —0.47943, —0.42074, 0, 0,0, 0.42074, 0.47943, 0.42074]T.

Running the Conjugate Gradient algorithm, we get a solution of w* = [0.8806,0.000] .

d. The level sets are shown in the figure below.

0.5

0.4

0.3

0.2

0.1

-0.11-

-0.21-

-0.3r

-0.4F

-0.5 L
0

The solution in part ¢ agrees with the level sets.

e. The plot of the error function is depicted below.
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error

13.2

a. The expression we seek is
ert1 = (1 — p)ex.

To derive the above, we write

k1 —er = ya—zgwt — (yd — wt}rw(’“))

= —a) (U,(fm) _ w(k)) ,

Substituting for w**+1) — w®) from the Widrow-Hoff algorithm yields

Ck+1 — € = — ULy T P = —UEk.

Hence, ex1 = (1 — p)eg.
b. For e, — 0, it is necessary and sufficient that |1 — p| < 1, which is equivalent to 0 < p < 2.
13.3

a. The error satisfies
ekt — (I, - H)e(k)-

To derive the above expression, we write
et _ et — g X Tay(ktD) (yd _ X;rww))

—XJ (w<k+1> _ w(k)) ,

Substituting for w*+1) —w®) from the algorithm yields
et — e — _XTX (X)X ) e = —pe®.

Hence, e*+1) = (I, — pu)e®).

b. From part a, we see that e®) = (I,— u)ke(o). Hence, by Lemma 5.1, a necessary and sufficient condition
for e*) — 0 for any e(® is that all the eigenvalues of I, — p must be located in the open unit circle. From
Exercise 3.6, it follows that the above condition holds if and only if |1 — A; ()| < 1 for each eigenvalue A;(p)

of w. This is true if and only if 0 < |X\;(p)| < 2 for each eigenvalue \;(u) of p.
13.4

We modified the MATLAB routine of Exercise 8.25, by fixing the step size at a value n = 100. We need the

following M-file for the gradient:
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function y=Dfbp(w) ;

whil=w(1);
wh21=w(2);
wh12=w(3);
wh22=w(4) ;
woll=w(5);
wol2=w(6);

xd1=0; xd2=1; yd=1;

vi=wh1l1l*xd1l+wh12*xd2;
v2=wh21*xd1+wh22*xd2;
zl=sigmoid(v1l);
z2=sigmoid(v2);
yl=sigmoid(woll*zl+wo12%z2)
di=(yd-y1)*y1*(1-y1);

y(1)=-di1*woll*z1*(1-z1)*xd1;
y(2)=-d1*wol12*z2*(1-z2)*xd1;
y(3)=-dl*woll*zl*(1-z1)*xd2;
y(4)=-d1*wo12*z2x* (1-z2) *xd2;

y(5)=-dilx*z1;
y(6)=-d1x*z2;
y=y’s

After 20 iterations of the backpropagation algorithm, we get the following weights:

w? = 2.883
wi = 3.194
W = 0.1000
WP = 08179
wh) = 0.3000
wh®Y = 1.106.
The corresponding output of the network is y?o) = 0.9879.

13.5

We used the following MATLAB routine:

function [x,N]=backprop(grad,xnew,options);
% BACKPROP(’grad’,x0) ;

% BACKPROP(’grad’,x0,0PTIONS) ;

A

% x = BACKPROP(’grad’,x0);

% X = BACKPROP(’grad’,x0,0PTIDNS);
%

% [x,N] = BACKPROP(’grad’,x0);

yA [x,N] = BACKPROP(’grad’,x0,0PTIONS);

%

%The first variant trains a net whose gradient

%is described in grad (usually an M-file: grad.m), using a backprop
%algorithm with initial point xO.

%The second variant allows a vector of optional parameters to
%defined. OPTIONS(1) controls how much display output is given; set
%to 1 for a tabular display of results, (default is no display: 0).
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%0PTIONS(2) is a measure of the precision required for the final point.
7%0PTIONS(3) is a measure of the precision required of the gradient.
%0PTIONS(14) is the maximum number of iteratioms.

%For more information type HELP FOPTIONS.

%

%The next two variants returns the value of the final point.

%The last two variants returns a vector of the final point and the
%number of iterations.

if nargin "= 3
options = [];
if nargin "= 2
disp(’Wrong number of arguments.’);
return;
end
end

if length(options) >= 14
if options(14)==0
options(14)=1000*length(xnew) ;
end
else
options(14)=1000*1length (xnew) ;
end

clc;
format compact;
format short e;

options = foptions(options);
print = options(1);
epsilon_x = options(2);
epsilon_g = options(3);
max_iter=options(14);

for k = 1l:max_iter,
XCUrr=xnew;
g_curr=feval (grad,xcurr) ;

if norm(g_curr) <= epsilon_g
disp(’Terminating: Norm of gradient less than’);
disp(epsilon_g);
k=k-1;
break;
end %if

alpha=10.0;
xnew = xcurr-alpha*g_curr;

if print,
disp(’Iteration number k =’)
disp(k); Y%print iteration index k
disp(’alpha =’);
disp(alpha); Y%print alpha
disp(’Gradient = °’);
disp(g_curr’); %print gradient
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disp(’New point =7’);
disp(xnew’); %print new point
end %if

if norm(xnew-xcurr) <= epsilon_x*norm(xcurr)
disp(’Terminating: Norm of difference between iterates less than’);
disp(epsilon_x);
break;

end %if

if k == max_iter
disp(’Terminating with maximum number of iterations’);
end %if
end %for

if nargout >= 1
X=Xnew;
if nargout ==
N=k;
end
else
disp(’Final point =’);
disp(xnew’);
disp(’Number of iterations =7);
disp(k);
end %if

To apply the above routine, we need the following M-file for the gradient.

function y=grad(w,xd,yd);

whil=w(1);
wh21=w(2) ;
wh12=w(3);
wh22=w(4) ;
woll=w(5);
wol2=w(6) ;
t1=w(7);
t2=w(8);
t3=w(9);

xd1=xd (1) ; xd2=xd(2);

vi=wh1l1*xd1l+wh12*xd2-t1;
v2=wh21*xd1+wh22*xd2-t2;
zl=sigmoid(v1);

z2=sigmoid(v2);
yl=sigmoid(woll*zl+wol2*z2-t3);
dl=(yd-y1)*y1x(1-y1);

y(1)=-dil*woll*z1*(1-z1)*xd1;
y(2)=-d1*wo12*z2* (1-z2) *xd1;
y(3)=-dil*woll*z1*(1-z1)*xd2;
y(4)=-d1*wo12*z2%* (1-22) *xd2;
y(5)=-d1*z1;

y(6)=-d1*z2;
y(7)=dl*wollkzlx(1-z1);
y(8)=d1l*wol2%z2* (1-z2) ;
y(9)=d1;
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)

Y=Y
We applied our MATLAB routine as follows.

>> options(2)=10"(-7);

>> options(3)=10~(-7);

>> options(14)=10000;

>> w0=[0.1,0.3,0.3,0.4,0.4,0.6,0.1,0.1,-0.1]";
>> [wstar,N]=backprop(’grad’,w0,options)

Terminating with maximum number of iterations
wstar =
=7.7771e+00
-5.5932e+00
-8.4027e+00
-5.6384e+00
-1.1010e+01
1.0918e+01
-3.2773e+00
-8.3565e+00
5.2606e+00

10000

As we can see from the above, the results coincide with Example 13.3. The table of the outputs of the
trained network corresponding to the training input data is shown in Table 13.2.

14. Global Search Algorithms

14.1
The MATLAB program is as follows.

function [ output_args ] = nm_simplex( input_args )
/%Nelder-Mead simplex method
%Based on the program by the Spring 2007 ECE580 student, Hengzhou Ding

disp (’We minimize a function using the Nelder-Mead method.’)
disp (’There are two initial conditions.’)
disp (’You can enter your own starting point.’)

% disp(’Select one of the starting points’)
% disp (°[0.55;0.7] or [-0.9;-0.5]1")

% xO0=input(’’)

disp (’ )

clear

close all;

disp(’Select one of the starting points, or enter your own point’)
disp(’[0.55;0.7] or [-0.9;-0.5]7)

disp(’ (Copy one of the above points and paste it at the prompt)’)
x0=input (’’)

hold on

axis square

%Plot the contours of the objective function
[X1,X2]=meshgrid(-1:0.01:1);
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Y=(X2-X1).74+12.%X1.*X2-X1+X2-3;
[C,h] = contour(X1,X2,Y,20);
clabel(C,h);

% Initialize all parameters
lambda=0.1;

rho=1;

chi=2;

gamma=1/2;

sigma=1/2;

el=[1 0]’;

e2=[0 1]’;

%x0=[0.55 0.7]7;

%x0=[-0.9 -0.5]";

% Plot initial point and initialize the simplex
plot(x0(1),x0(2),’--%");

x(:,3)=x0;

x(:,1)=x0+lambda*el;

x(:,2)=x0+lambdax*e?2;

while 1

% Check the size of simplex for stopping criterion
simpsize=norm(x(:,1)-x(:,2))+norm(x(:,2)-x(:,3))+norm(x(:,3)-x(:,1));
if (simpsize<le-6)

break;

end

lastpt=x(:,3);

% Sort the simplex

x=sort_points(x,3);

% Reflection

centro=1/2*(x(:,1)+x(:,2));
xr=centro+rho*(centro-x(:,3));

% Accept condition

if (obj_fun(xr)>=obj_fun(x(:,1)) && obj_fun(xr)<obj_fun(x(:,2)))
x(:,3)=xr;

% Expand condition

elseif (obj_fun(xr)<obj_fun(x(:,1)))
xe=centro+rho*chi*(centro-x(:,3));

if (obj_fun(xe)<obj_fun(xr))

x(:,3)=xe;

else

x(:,3)=xr;

end

% Outside contraction or shrink
elseif (obj_fun(xr)>=obj_fun(x(:,2)) &&
obj_fun(xr)<obj_fun(x(:,3)))
xc=centro+gamma*rho* (centro-x(:,3));
if (obj_fun(xc)<obj_fun(x(:,3)))
x(:,3)=xc;

else

x=shrink(x,sigma) ;

end

% Inside contraction or shrink

else

xcc=centro-gamma* (centro-x(:,3));

if (obj_fun(xcc)<obj_fun(x(:,3)))
x(:,3)=xcc;
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else

x=shrink(x,sigma) ;

end

end

% Plot the new point and connect

plot ([lastpt(1),x(1,3)], [lastpt(2),x(2,3)],’--*’);
end

% Output the final simplex (minimizer)

x(:,1)

% obj_fun
function y = obj_fun(x)
y=(x(1)-x(2))4+12%x (1) *x(2) -x (1) +x(2) -3;

% sort_points

function y = sort_points(x,N)
for i=1:(N-1)

for j=1:(N-i)

if (obj_fun(x(:,j))>obj_fun(x(:,j+1)))
tmp=x(:,j);

x(:,3)=x(:,j+1);
x(:,j+1)=tmp;

end

end

end

y=%;

% shrink

function y = shrink(x,sigma)
x(:,2)=x(:,1)+sigma*(x(:,2)-x(:,1));
x(:,3)=x(:,1)+sigma*(x(:,3)-x(:,1));
y=x;

When we run the MATLAB code above with initial condition [0.55,0.7] T, we obtain the following plot:
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When we run the MATLAB code above with initial condition [—0.9, —0.5] T, we obtain the following plot:
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Note that this function has two local minimizers. The

algorithm terminates at these two minimizers with

the two different initial conditions. This behavior depends on the value of lambda, which determines the
initial simplex. It is possible to reach both minimizers starting from the same initial point by using different

values of lambda. In the solution above, the initial simpl
14.2

ex is “small”—lambda is just 0.1.

A MATLAB routine for a naive random search algorithm is given by the M-file rs_demo shown below:

function [x,N]=random_search(funcname,xnew,options);
%Naive random search demo

% [x,N]=random_search(funcname,xnew,options);

% print = options(1);

% alpha = options(18);

if nargin 3
options
if nargin 2
disp(’Wrong number of arguments.’);
return;
end

end

if length(options) >= 14
if options(14)==
options(14)=1000*length(xnew) ;
end
else
options(14)=1000*1length (xnew) ;
end
if length(options) < 18
options(18)=1.0; Yoptional step size
end

format compact;
format short e;

options foptions(options);
print = options(1);

epsilon_x = options(2);
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epsilon_g = options(3);
max_iter=options(14);

alphaO = options(18);

if funcname == ’f_r’,
ros_cnt

elseif funcname == ’f_p’,
pks_cnt;

end %if

if length(xnew) ==
plot (xnew(1) ,xnew(2),’0’)
text (xnew (1) ,xnew(2),’Start Point’)
xlower = [-2;-1];
xupper = [2;3];
end

f_O=feval (funcname,xnew) ;
xbestcurr = xnew;

xbestold = xnew;

f_best=feval (funcname,xnew) ;
f_best=10"(sign(f_best))*f_best;

for k = 1:max_iter,

xcurr=xbestcurr;
f_curr=feval (funcname,xcurr) ;

alpha = alphaO;
xnew = xcurr + alphax(2*rand(length(xcurr),1)-1);

for i=1:length(xnew),
xnew (i) = max(xnew(i),xlower(i));
xnew(i) = min(xnew(i),xupper(i));
end %for

f_new=feval (funcname,xnew) ;

if f_new < f_best,
xbestold = xbestcurr;
xbestcurr = xnew;
f_best = f_new;

end

if print,
disp(’Iteration number k =’)
disp(k); ‘print iteration index k
disp(’alpha =’);
disp(alpha); Y%print alpha
disp(’New point =’);
disp(xnew’); %print new point
disp(’Function value =’);
disp(f_new); ¥%print func value at new point
end %if

if norm(xnew-xbestold) <= epsilon_x*norm(xbestold)
disp(’Terminating: Norm of difference between iterates less than’);
disp(epsilon_x);
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break;
end %if

pltpts(xbestcurr,xbestold) ;

if k == max_iter
disp(’Terminating with maximum number of iterations’);
end %if
end %for

if nargout >= 1
X=Xnew;
if nargout == 2
N=k;
end
else
disp(’Final point =’);
disp(xbestcurr’);
disp(’Number of iterations =’);
disp(k);
end %if

A MATLAB routine for a simulated annealing algorithm is given by the M-file sa_demo shown below:

function [x,N]=simulated_annealing(funcname,xnew,options);
%Simulated annealing demo

% random_search(funcname,xnew,options);

% print = options(1);

% gamma = options(15);

% alpha = options(18);

if nargin "= 3
options = [];
if nargin "= 2
disp(’Wrong number of arguments.’);
return;
end
end

if length(options) >= 14
if options(14)==
options(14)=1000*length(xnew) ;
end
else
options(14)=1000*1length (xnew) ;
end

if length(options) < 15
options(15)=5.0; %

end

if options(15)==0
options(15)=5.0; %

end

if length(options) < 18
options(18)=0.5; Joptional step size
end

format compact;
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format short e;

options = foptions(options);
print = options(1);
epsilon_x = options(2);
epsilon_g = options(3);
max_iter=options(14);

alpha = options(18);
gamma = options(15);
k0=2;

if funcname == ’f_r’,
ros_cnt

elseif funcname
pks_cnt;

end %if

)f_P; s

if length(xnew) == 2
plot(xnew(1) ,xnew(2),’0’)
text (xnew (1) ,xnew(2),’Start Point’)
xlower = [-2;-1];
xupper = [2;3];
end

f_O=feval (funcname,xnew) ;
xbestcurr = xnew;

xbestold = xnew;

XCUrr = Xnew;

f_best=feval (funcname,xnew) ;
f_best=10"(sign(f_best))*f_best;

for k = 1l:max_iter,
f_curr=feval (funcname,xcurr) ;
xnew = xcurr + alphax(2*rand(length(xcurr),1)-1);

for i=1:length(xnew),
xnew(i) = max(xnew(i),xlower(i));
xnew(i) = min(xnew(i),xupper(i));
end %for

f_new=feval (funcname,xnew) ;

if f_new < f_curr,
XCUrr = Xnew;
f_curr = f_new;
else
cointoss = rand(1);
Temp = gamma/log(k+kO0) ;
Prob = exp(-(f_new-f_curr)/Temp) ;
if cointoss < Prob,
XCurr = xnew;
f_curr = f_new;
end
end

if f_new < f_best,
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xbestold = xbestcurr;
xbestcurr = xnew;
f_best = f_new;

end

if print,
disp(’Iteration number k =’)
disp(k); Y%print iteration index k
disp(’alpha =7’);
disp(alpha); Yprint alpha
disp(’New point =’);
disp(xnew’); %print new point
disp(’Function value =’);
disp(f_new); %print func value at new point
end %if

if norm(xnew-xbestold) <= epsilon_x*norm(xbestold)
disp(’Terminating: Norm of difference between iterates less
than’) ;
disp(epsilon_x);
break;
end %if

pltpts(xbestcurr,xbestold);

if k == max_iter
disp(’Terminating with maximum number of iterations’);
end %if
end %for

if nargout >= 1
X=Xnew;
if nargout ==

N=k;

end

else
disp(’Final point =’);
disp(xbestcurr’);
disp(’Objective function value =’);
disp(f_best);
disp(’Number of iterations =’);
disp(k);

end %if

To use the above routines, we also need the following M-files:
pltpts.m:

function out=pltpts(xnew,xcurr)
plot([xcurr(1l) ,xnew(1)], [xcurr(2) ,xnew(2)],’r-’ ,xnew(1) ,xnew(2),’0’, ’Erasemode’,
’none’);

drawnow; % Draws current graph now
fpause (1)

out = [];
f p.m

function y=f_p(x);
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y=3%(1-x(1)) . 2. xexp (- (x(1) ."2)-(x(2)+1) ."2) -
10.*%(x(1)/5-x(1) ."3-x(2) ."5) . *exp
(-x(1).72-x(2).72) - exp(-(x(1)+1).72-x(2).72)/3;
Y=Y,

pks_cnt.m:

echo off

X = [-3:0.2:3]7;

Y [-3:0.2:3]";

[x,y]l=meshgrid(X’,Y’) ;

func = 3*(1-x).72.%exp(-x."2-(y+1).72) -
10.*(x/5-x.73-y."5) .xexp(-x."2-y."2) -
exp(-(x+1).72-y."2)/3;

func = -func;

clf

levels = exp(-5:10);

levels = [-5:0.9:10];

contour (X,Y,func,levels, ’k--7)
xlabel(’x_1’)

ylabel (*x_2°)

title(’Minimization of Peaks function’)
drawnow;

hold on

plot(-0.0303,1.5455,’07)

text (-0.0303,1.5455, ’Solution’)

To run the naive random search algorithms, we first pick a value of @ = 0.5, which involves setting
options(18)=0.5. We then use the command rs_demo(’f_p’, [0;-2],options). The resulting plot of the
algorithm trajectory is given below. As we can see, the algorithm is stuck at a local minimizer. (By running
the algorithm several times, the reader can verify that this non-convergent behavior is typical.)

Minimization of Peaks function
T T

2}

Next, we try a« = 1.5, which involves setting options(18)=1.5. We then use the command
rs_demo(’f_p’, [0;-2] ,options) again, to obtain the plot shown below. This time, the algorithm reaches
the global minimizer.

104



Minimization of Peaks function

-2}

Finally, we again set a = 0.5, using options(18)=0.5. We then run the simulated annealing code using
sa_demo(’f_p’,[0;-2],options). The algorithm can be seen to converge to the global minimizer, as
plotted below.

Minimization of Peaks function

// -
s
2 Vv
r / oz 1
AT
NS
\\\\\
NN
1F // SN\ =
SIS
[ 07 ; \
~ ol | l\/ v AR | |
x VN N /“\//}!
Nl LA™ /A
- % S
NS NN
=77 BN

-1r / \‘j; Tt\\i:\l/ b

\ - -2 N
-7 NERRRNREN
gt ////J/////\ \

-2t L1V NN Tstart Point. / ,
N>~ —~ "
~N2===-=27 _
~ - -

_3 . . - .

-3 -2 -1 0 1 2 3

X

14.3
A MATLAB routine for a particle swarm algorithm is:

% A particle swarm optimizer

% to find the minimum/maximum of the MATLABs’ peaks function
% D---# of inputs to the function (dimension of problem)
clear

%Parameters

ps=10;

D=2;

ps_1b=-3;

ps_ub=3;

vel_lb=-1;

vel_ub=1;

iteration_n = 50;

range = [-3, 3; -3, 3]; % Range of the input variables

% Plot contours of peaks function

[x, y, 2] = peaks;

%pcolor(x,y,z); shading interp; hold on;
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%contour(x, y, z, 20, ’r’);
mesh(x,y,z)

% hold off;

%colormap (gray) ;
set(gca,’Fontsize’,14)
axis([-3 3 -3 3 -9 9]1)

%axis square;
xlabel(’x_1’,’Fontsize’,14);
ylabel(’x_2’,’Fontsize’,14);
zlabel (°f(x_1,x_2)’,’Fontsize’,14);

hold on

upper = zeros(iteration_n, 1);
average = zeros(iteration_n, 1);
lower = zeros(iteration_n, 1);

% initialize population of particles and their velocities at time
% zero,

% format of pos= (particle#, dimension)

% construct random population positions bounded by VR

% need to bound positions

ps_pos=ps_lb + (ps_ub-ps_1b).*rand(ps,D);

% need to bound velocities between -mv,mv
ps_vel=vel_1b + (vel_ub-vel_1lb).*rand(ps,D);

% initial pbest positions

p_best = ps_pos;

% returns column of cost values (1 for each particle)

£1="3*(1-ps_pos(i,1)) "2*exp(-ps_pos(i,1)"2-(ps_pos(i,2)+1)"2)’;
£2="-10*(ps_pos(i,1)/6-ps_pos(i,1) "3-ps_pos(i,2) ~5)*exp(-ps_pos(i,1) 2-ps_pos(i,2)"2)’;
£3="-(1/3) *exp(-(ps_pos(i,1)+1) "2-ps_pos(i,2)"2)’;

p_best_fit=zeros(ps,1);
for i=1:ps
g1(i)=3*(1-ps_pos(i, 1)) "2*xexp(-ps_pos(i,1) "2-(ps_pos(i,2)+1)"2);
g2(i)=-10*(ps_pos(i,1)/5-ps_pos(i,1) "3-ps_pos(i,2) 5)*exp(-ps_pos(i,1) " 2-ps_pos(i,2)"2);
g3(i)=-(1/3)*exp(-(ps_pos(i,1)+1) "2-ps_pos(i,2)"2);
p_best_fit(i)=g1(i)+g2(i)+g3(i);
end
p_best_£fit;
hand_p3=plot3(ps_pos(:,1),ps_pos(:,2),p_best_fit’,’*k’, ’markersize’,15, ’erase’,’xor’);

% initial g_best

[g_best_val,g_best_idx] = max(p_best_fit);
%[g_best_val,g_best_idx] = min(p_best_fit); this is to minimize
g_best=ps_pos(g_best_idx,:);

% get new velocities, positions (this is the heart of the PSO
% algorithm)
for k=1:iteration_n
for count=1:ps
ps_vel(count,:) = 0.729*ps_vel(count,:)... % prev vel
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+1.494*rand* (p_best (count, :)-ps_pos(count,:))... 7% independent
+1.494xrand* (g_best-ps_pos(count,:)); % social
end
ps_vel;
% update new position
pS_pos = ps_pos + ps_vel;

fupdate p_best

for i=1:ps
g1(i)=3*(1-ps_pos(i, 1)) "2*exp(-ps_pos(i,1) " 2-(ps_pos(i,2)+1)"2);
g2(i)=-10*(ps_pos(i,1)/5-ps_pos(i,1) "3-ps_pos(i,2)"5)*exp(-ps_pos(i,1) " 2-ps_pos(i,2)"2);
g3(i)=-(1/3) *exp (- (ps_pos(i,1)+1) "2-ps_pos(i,2)"2);
ps_current_fit(i)=gl(i)+g2(i)+g3(i);

if ps_current_fit(i)>p_best_fit(i)
p_best_fit(i)=ps_current_fit(i);
p_best(i,:)=ps_pos(i,:);
end
end
p_best_£fit;
%update g_best
[g_best_val,g_best_idx] = max(p_best_fit);
g_best=ps_pos(g_best_idx,:);

% Fill objective function vectors
upper (k) = max(p_best_fit);
average(k) = mean(p_best_fit);

lower (k) = min(p_best_fit);

set (hand_p3, ’xdata’,ps_pos(:,1),’ydata’ ,ps_pos(:,2),’zdata’ ,ps_current_fit’);
drawnow
pause
end
g_best
g_best_val
figure;
x = 1:iteration_n;
plot(x, upper, ’o’, x, average, ’x’, x, lower, ’*’);

hold on;

plot(x, [upper average lower]);

hold off;

legend(’Best’, ’Average’, ’Poorest’);

xlabel(’Iterations’); ylabel(’Objective function value’);

When we run the MATLAB code above, we obtain a plot of the initial set of particles, as shown below.
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Then, after 30 iterations, we obtain:

Finally, after 50 iterations, we obtain:
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A plot of the objective function values (best, average, and poorest) is shown below.
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14.4
a. Expanding the right hand side of the second expression gives the desired result.

b. Applying the algorithm, we get a binary representation of 11111001011, i.e.,

1995 = 210 4+ 99 4 98 4 27 4 96 4 93 4 o1 4 90

c. Applying the algorithm, we get a binary representation of 0.1011101, i.e.,

0.7265625 =271 4+ 273 + 274 4 275 4 277,

d. We have 19 = 2% + 21 + 20, i.e., the binary representation for 19 is 10011. For the fractional part, we
need at least 7 bits to keep at least the same accuracy. We have 0.95 =21 4+272 4273 427449774 ...,
i.e., the binary representation is 0.1111001---. Therefore, the binary representation of 19.95 with at least
the same degree of accuracy is 10011.1111001.

14.5
It suffices to prove the result for the case where only one symbol is swapped, since the general case is
obtained by repeating the argument. We have two scenarios. First, suppose the symbol swapped is at a
position corresponding to a don’t care symbol in H. Clearly, after the swap, both chromosomes will still be
in H. Second, suppose the symbol swapped is at a position corresponding to a fixed symbol in H. Since
both chromosomes are in H, their symbols at that position must be identical. Hence, the swap does not
change the chromosomes. This completes the proof.

14.6
Consider a given chromosome in M (k) () H. The probability that it is chosen for crossover is g.. If neither
of its offsprings is in H, then at least one of the crossover points must be between the corresponding first
and last fixed symbols of H. The probability of this is 1 — (1 — §(H)/(L — 1))2. To see this, note that
the probability that each crossover point is not between the corresponding first and last fixed symbols is
1—6(H)/(L — 1), and thus the probability that both crossover points are not between the corresponding
first and last fixed symbols of H is (1 — §(H)/(L — 1))2. Hence, the probability that the given chromosome
is chosen for crossover and neither of its offsprings is in H is bounded above by

(--22),
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14.7
As for two-point crossover, the n-point crossover operation is a composition of n one-point crossover opera-
tions (i.e., n one-point crossover operations in succession). The required result for this case is as follows.
Lemma:

Given a chromosome in M (k)| H, the probability that it is chosen for crossover and neither of its offsprings

is in H is bounded above by
o(H) \"
1—-(1-—=% .
«(-(-251))

For the proof, proceed as in the solution of Exercise 14.6, replacing 2 by n.

14.8

function M=roulette_wheel (fitness);

%function M=roulette_wheel(fitness)

%fitness = vector of fitness values of chromosomes in population
%M = vector of indices indicating which chromosome in the

% given population should appear in the mating pool

fitness = fitness - min(fitness); % to keep the fitness positive
if sum(fitness) == 0,
disp(’Population has identical chromosomes -- STOP’);
break;
else
fitness = fitness/sum(fitness);
end
cum_fitness = cumsum(fitness);

for i = 1:length(fitness),
tmp = find(cum_fitness-rand>0) ;
M(i) = tmp(1);

end

14.9

% parentl, parent2 = two binary parent chromosomes (row vectors)

L = length(parentl);

crossover_pt = ceil(rand*(L-1));

offspringl = [parentl(l:crossover_pt) parent2(crossover_pt+1:L)];
offspring2 = [parent2(l:crossover_pt) parentl(crossover_pt+1:L)];

14.10

% mating_pool = matrix of 0-1 elements; each row represents a chromosome
% p_m = probability of mutation

N = size(mating_pool,1);

L = size(mating_pool,2);

mutation_points = rand(N,L) < p_m;

new_population = xor(mating_pool,mutation_points);

14.11

A MATLAB routine for a genetic algorithm with binary encoding is:
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function [winner,bestfitness] = ga(L,N,fit_func,options)
% function winner = GA(L,N,fit_func)
% Function call: GA(L,N,’f’)

% L = length of chromosomes

% N = population size (must be an even number)
% f = name of fitness value function

%

%0ptions:

%print = options(1);

%selection = options(5);

/max_iter=options(14);

%p_c = options(18);

%p_m = p_c/100;

YA

%Selection:

% options(5) = 0 for roulette wheel, 1 for tournament

clf;

if nargin "= 4
options = [];
if nargin "= 3
disp(’Wrong number of arguments.’);
return;
end
end

if length(options) >= 14

if options(14)==

options(14)=3%*N;

end
else

options(14)=3%N;
end
if length(options) < 18

options(18)=0.75; %optional crossover rate
end

%format compact;
Y%format short e;

options = foptions(options);
print = options(1);
selection = options(5);
max_iter=options(14);

p_c = options(18);

p_m = p_c/100;

P = rand(N,L)>0.5;
bestvaluesofar = 0;

%Initial evaluation

for i = 1:N,
fitness(i) = feval(fit_func,P(i,:));
end

[bestvalue,best] = max(fitness);

if bestvalue > bestvaluesofar,
bestsofar = P(best,:);
bestvaluesofar = bestvalue;
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end

for k = 1l:max_iter,

%#Selection
fitness = fitness - min(fitness); 7% to keep the fitness positive
if sum(fitness) == 0,

disp(’Population has identical chromosomes -- STOP’);

disp(’Number of iterations:’);

disp(k);

for i = k:max_iter,
upper (i)=upper(i-1);
average(i)=average(i-1);
lower(i)=lower(i-1);

end

break;
else

fitness = fitness/sum(fitness);
end
if selection == 0,

J%roulette-wheel

cum_fitness = cumsum(fitness);

for i = 1:N,

tmp = find(cum_fitness-rand>0);
m(i) = tmp(1);

end

else
J%tournament
for i = 1:N,

fighterl=ceil (rand*N) ;

fighter2=ceil (rand*N);

if fitness(fighterl)>fitness(fighter2),
m(i) = fighterl;

else

m(i) = fighter2;

end

end
end
M = zeros(N,L);
for i = 1:N,

M(@i,:) = P(m(i),:);
end
%Crossover
Mnew = M;

for i = 1:N/2

indl = ceil(rand*N);
ind2 = ceil(rand*N);
parentl = M(indl,:);
parent2 = M(ind2,:);

if rand < p_c
crossover_pt
offspringl
offspring2 =
Mnew(indi, :)
Mnew (ind2, :)

end

end

= ceil(rand*(L-1));

[parent1(1l:crossover_pt) parent2(crossover_pt+1:L)];
[parent2(1:crossover_pt) parentl(crossover_pt+1:L)];
= offspringl;

= offspring?2;
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%Mutation
mutation_points = rand(N,L) < p_m;
P = xor(Mnew,mutation_points);

%Evaluation

for i = 1:N,
fitness(i) = feval(fit_func,P(i,:));

end

[bestvalue,best] = max(fitness);

if bestvalue > bestvaluesofar,
bestsofar = P(best,:);
bestvaluesofar = bestvalue;

end

upper (k) =
average (k)
lower(k) =

bestvalue;
= mean(fitness);
min(fitness);

end for

if k == max_iter,
disp(’Algorithm terminated after maximum number of iteratioms:’);
disp(max_iter);

end

winner = bestsofar;
bestfitness = bestvaluesofar;

if print,
iter = [1:max_iter]’;
plot(iter,upper,’o:’,iter,average,’x~’,iter,lower,’*—=);
legend(’Best’, ’Average’, ’Worst’);
xlabel(’Generations’,’Fontsize’,14);
ylabel(’Objective Function Value’,’Fontsize’,14);
set(gca,’Fontsize’,14);
hold off;

end

a. To run the routine, we create the following M-files.

function dec = bin2dec(bin,range);
%function dec = bin2dec(bin,range);
%Function to convert from binary (bin) to decimal (dec) in a given range

index = polyval(bin,2);
dec = index*((range(2)-range(1))/(2"length(bin)-1)) + range(1);

function y=f_manymax(x);
y=-15%(sin(2*x)) "2-(x-2) "2+160;

function y=fit_funcl(binchrom);
%1-D fitness function

f="f_manymax’;
range=[-10,10];
x=bin2dec(binchrom,range) ;
y=feval(f,x);

We use the following script to run the algorithm:
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clear;

options(1)=1;
[x,y]=ga(8,10,’fit_funcl’,options);
f="f_manymax’;

range=[-10,10];

disp(’GA Solution:’);
disp(bin2dec(x,range));
disp(’0Objective function value:’);
disp(y);

Running the above algorithm, we obtain a solution of * = 1.6078, and an objective function value of
159.7640. The figure below shows a plot of the best, average, and worst solution from each generation of the
population.
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b. To run the routine, we create the following M-files (we also use the routine bin2dec from part a.
function y=f_peaks(x);

y=3%(1-x(1)) ."2.xexp (- (x(1) ."2)-(x(2)+1) ."2) -
10.*%(x(1)/5-x(1) ."3-x(2) ."5) . *exp
(-x(1).72-x(2).72) - exp(-(x(1)+1).72-x(2).72)/3;

function y=fit_func2(binchrom);
%2-D fitness function

f="f_peaks’;

xrange=[-3,3];

yrange=[-3,3];

L=length(binchrom) ;
x1=bin2dec(binchrom(1:L/2) ,xrange) ;
x2=bin2dec(binchrom(L/2+1:L) ,yrange) ;
y=feval(f, [x1,x2]);

We use the following script to run the algorithm:

clear;

options(1)=1;
[x,y]l=ga(16,20,’fit_func2’,options);
f="f_peaks’;

xrange=[-3,3];

114



yrange=[-3,3];

L=length(x);

x1=bin2dec(x(1:L/2) ,xrange);
x2=bin2dec(x(L/2+1:L) ,yrange) ;
disp(’GA Solution:’);
disp([x1,x2]);

disp(’Objective function value:’);
disp(y);

A plot of the objective function is shown below.
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Running the above algorithm, we obtain a solution of [~0.0353,1.4941] T, and an z* = [-0.0588,1.5412] T,
and an objective function value of 7.9815. (Compare this solution with that of Example 14.3.) The figure
below shows a plot of the best, average, and worst solution from each generation of the population.
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14.12
A MATLAB routine for a real-number genetic algorithm:

function [winner,bestfitness] = gar(Domain,N,fit_func,options)

% function winner = GAR(Domain,N,fit_func)

% Function call: GAR(Domain,N,’f’)

% Domain = search space; e.g., [-2,2;-3,3] for the space [-2,2]x[-3,3]
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% (number of rows of Domain = dimension of search space)
% N = population size (must be an even number)

% f = name of fitness value function

%

%0ptions:

f%print = options(1);

%selection = options(5);

/max_iter=options(14);

%p_c = options(18);

%p_m = p_c/100;

%

%Selection:

% options(5) = 0 for roulette wheel, 1 for tournament

clf;

if nargin "= 4
options = [];
if nargin "= 3
disp(’Wrong number of arguments.’);
return;
end
end

if length(options) >= 14

if options(14)==

options(14)=3*N;

end
else

options(14)=3%N;
end
if length(options) < 18

options(18)=0.75; %optional crossover rate
end

%format compact;
Y%format short e;

options = foptions(options);

print = options(1);

selection = options(5);

max_iter=options(14);

p_c = options(18);

p_m = p_c/100;

n = size(Domain,1);

lowb = Domain(:,1)’;

upb = Domain(:,2)’;

bestvaluesofar = 0O;

for i = 1:N,
P(i,:) = lowb + rand(1,n).*(upb-lowb);
%Initial evaluation
fitness(i) = feval(fit_func,P(i,:));

end

[bestvalue,best] = max(fitness);

if bestvalue > bestvaluesofar,
bestsofar = P(best,:);
bestvaluesofar = bestvalue;

end

116



for k = 1:max_iter,

hSelection
fitness = fitness - min(fitness); % to keep the fitness positive
if sum(fitness) == 0,

disp(’Population has identical chromosomes -- STOP’);
disp(’Number of iterations:’);
disp(k);

for i = k:max_iter,
upper (i) =upper (i-1);
average(i)=average(i-1);
lower(i)=lower(i-1);

end

break;
else

fitness = fitness/sum(fitness);
end
if selection == 0,

Y%roulette-wheel
cum_fitness = cumsum(fitness);
for i = 1:N,
tmp = find(cum_fitness-rand>0);
m(i) = tmp(1);

end

else
J%tournament
for i = 1:N,

fighterl=ceil (rand*N);
fighter2=ceil (rand*N) ;
if fitness(fighterl)>fitness(fighter2),
m(i) = fighteri;
else
m(i) = fighter2;
end
end
end
M = zeros(N,n);
for i = 1:N,
M(i,:) = P(m(i),:);
end

%Crossover
Mnew = M;
for i = 1:N/2
indl = ceil(rand*N);
ind2 = ceil(rand*N);
parentl = M(indl,:);
parent2 = M(ind2,:);
if rand < p_c
a = rand;
offspringl = axparentl+(l-a)*parent2+(rand(1,n)-0.5).*(upb-lowb)/10;
offspring2 = a*parent2+(1-a)#*parentl+(rand(1,n)-0.5).*(upb-lowb)/10;
%do projection
for j = 1:n,
if offspringl(j)<lowb(j),
offspringl(j)=lowb(j);
elseif offspringl(j)>upb(j),
offspringl1(j)=upb(j);
end
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if offspring2(j)<lowb(j),
offspring2(j)=lowb(j);
elseif offspring2(j)>upb(j),
offspring2(j)=upb(j);
end
end
Mnew(indl,:) = offspringl;
Mnew(ind2, :)
end
end

offspring2;

%Mutation
for i = 1:N,
if rand < p_m,
a = rand;
Mnew(i,:) = a*Mnew(i,:) + (1-a)*(lowb + rand(1,n).*(upb-lowb));
end
end

P = Mnew;

%Evaluation

for i = 1:N,
fitness(i) = feval(fit_func,P(i,:));

end

[bestvalue,best] = max(fitness);

if bestvalue > bestvaluesofar,
bestsofar = P(best,:);
bestvaluesofar = bestvalue;

end

upper (k) = bestvalue;
average(k) = mean(fitness);
lower(k) = min(fitness);

end %for

if k == max_iter,
disp(’Algorithm terminated after maximum number of iteratiomns:’);
disp(max_iter);

end

winner = bestsofar;
bestfitness = bestvaluesofar;

if print,
iter = [1:max_iter]’;
plot(iter,upper,’o:’,iter,average,’x-’,iter,lower,’*—=’);
legend(’Best’, ’Average’, ’Worst’);
xlabel (’Generations’,’Fontsize’,14);
ylabel(’0Objective Function Value’,’Fontsize’,14);
set(gca,’Fontsize’,14);
hold off;

end

To run the routine, we create the following M-file for the given function.

function y=f_wave(x);

y=x(1)*sin(x(1)) + x(2)*sin(5*x(2));
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We use the following script to run the algorithm:

options(1)=1;

options(14)=50;
[x,y]=gar([0,10;4,6],20,’f_wave’ ,options);
disp(’GA Solution:’);

disp(x);

disp(’0Objective function value:’);
disp(y);

Running the above algorithm, we obtain a solution of z* = [7.9711,5.3462] T, and an objective function
value of 13.2607. The figure below shows a plot of the best, average, and worst solution from each generation
of the population.
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Using the MATLAB function fminunc (from the Optimization Toolbox), we found the optimal point to
be [7.9787,5.3482] T, with objective function value 13.2612. We can see that this solution agrees with the
solution obtained using our real-number genetic algorithm.
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15. Introduction to Linear Programming

15.1
minimize —2x; — x9
subject toxy + x3 2
1 +rot+xy = 3
xr1 + 2.’E2 + x5 = 5
L1y..-,T5 Z 0
15.2
We have

Ty = axy + buy = a*xo + abug + buy = a® + [ab, blu
where u = [uyo, ul]T is the decision variable. We can write the constraint as u; < 1 and u; > —1. Hence, the
problem is:
minimize a’ + [ab, blu
subject to —1<u; <1, 71=1,2.

Since a? is a constant, we can remove it from the objective function without changing the solution. Intro-

ducing slack variables vy, v, v3, v4, we obtain the standard form problem

minimize [ab, blu
subject to ug+vy =1
—ug+ve =1
Ul —+ V3 = ].
—uyp +v4 = 1.
15.3
Let xj', x; >0 be such that |z;| = x;" +x;, = x;" — x; . Substituting into the original problem, we have
. . . + — + — + —
minimize ¢ (2] +27) feo(xg +25) + -+ en(zy +23)
subject to Azt —x7)=b
xt x>0,
where T = [z],...,2}]" and £~ = [v],...,2;]". Rewriting, we get
minimize ¢, ez
subject to [A,—Alz=0b
z >0,

which is an equivalent linear programming problem in standard form.

Note that although the variables z;7 and x; in the solution are required to satisfy zjz; = 0, we do
not need to explicitly include this in the constraint because any optimal solution to the above transformed
problem automatically satisfies the condition xj;v; = 0. To see this, suppose we have an optimal solution
with both 27 > 0 and z; > 0. In this case, note that ¢; > 0 (for otherwise we can add any arbitrary
constant to both z;" and x; and still satisfy feasibility, but decrease the objective function value). Then,
by subtracting min(z;",z;) from z] and z;, we have a new feasible point with lower objective function
value, contradicting the optimality assumption. [See also M. A. Dahleh and I. J. Diaz-Bobillo, Control of
Uncertain Systems: A Linear Programming Approach, Prentice Hall, 1995, pp. 189-190.]
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15.4
Not every linear programming problem in standard form has a nonempty feasible set. Example:

minimize T
subject to —r1 =1
T Z 0

Not every linear programming problem in standard form (even assuming a nonempty feasible set) has an
optimal solution. Example:

minimize —x1
subject to o =1
x1,22 > 0.

15.5
Let 7 and x5 represent the number of units to be shipped from A to C and to D, respectively, and x5 and
x4 represent the number of units to be shipped from B to C and to D, respectively. Then, the given problem
can be formulated as the following linear program:

minimize 1 + 2x9 + 3x3 + 41y
subject to z1 + 23 =50
T9 + x4 = 60
1+ 22 <70
r3 + x4 < 80

X1,T2,T3, T4 Z 0.
Introducing slack variables x5 and xg, we have the standard form problem

minimize 1 + 2x9 + 33 + 41y
subject to z1 + 23 =50
T9 + x4 = 60
T+ T2+ x5 =70
z3 + x4 + 26 = 80

X1,T2,T3,T4,T5,T6 Z 0.

15.6

We can see that there are two paths from A to E (ACDE and ACBFDE), and two paths from B to F’
(BCDF and BF). Let 21 and x5 be the data rates for the two paths from A to E, respectively, and a3 and x4
the data rates for the two paths from B to F, respectively. The total revenue is then 2(z1 +x2) + 3(z5 + x4).
For each link, we have a data rate constraint on the sum of all x;s passing through that link. For example,
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for link BC, there are two paths passing through it, with total data rate xo + z3. Hence, the constraint for
link BC'is z9 4+ x3 < 7. Hence, the optimization problem is the following linear programming problem:

maximize

subject to

Converting this to standard form:
minimize

subject to

15.7

2(x1 4+ x2) + 3(x3 + 24)
r1+x2 <10
1+ x2 <12
r1+23<8
To+x3 <7
To+1x3 <4
To+ x4 <3

xl,...,x420.

—2(x1 +22) — 3(x3 + 24)
T+ o+ x5 = 10
T+ X0+ 26 = 12
1 +r3+x7 =8
To+ 3 +a8="7
To+ T3+ 29 =4
To+ Ty +T10=3

T1,..-,210 20

Letxz; > 0,i=1,...,4, be the weight in pounds of item 7 to be used. Then, the total weight is z1+zo+x3+x4.

To satisfy the percentage content of fiber, fat, and sugar, and the total weight of 1000, we need

31‘1 + 8172 + 16563 + 4$4
6x1 + 4625 + 923 + 924
2021 4+ 59 + 43 + Oxy

X1+ Tg + T3+ X4

10(z1 + 22 + x3 + x4)
2(x1 + w2 + x3 + 4)
5(x1 + x2 + T3 + 24)
1000

The total cost is 2x1 + 4xo + x3 + 224. Therefore, the problem is:

minimize 2z + 4z + T3 + 224

subject to — Txy —2x9 + 623 —6x4 = 0
dx1 +44x9 +Tx3+ 724 = 0
1521 —x3—5x4 = 0
1+ x2+23+24 = 1000
Ty, 29,x3,x4 > 0

Alternatively, we could have simply replaced z1 + x5 + 23+ x4 in the first three equality constraints above

by 1000, to obtain:

3x1 + 8xo + 1623 +4x4 =
6x1 + 4622 + 923 + 924
20z1 + 5xo + 4z + Oxy

1+ To+x3+24 =

10000
2000
5000
1000.

Note that the only vector satisfying the above linear equations is [179, —175,573,422] ", which is not
feasible. Therefore, the constraint does not have any any feasible points, which means that the problem does

not have a solution.
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15.8
The objective function is p; 4 --- + p,. The constraint for the ith location is: g;1p1 + -+ + ginpPn > P.
Hence, the the optimization problem is:

minimize p1+-+0n
subject to giipr+ -+ Ginbn =P, i=1,...,m
pla"'apn20~

By defining the notation G = [g; ;] (m x n), e, = [1,...,1]T (with n components), and p = [p1,...,pn] ",
we can rewrite the problem as

minimize e;p
subject to Gp > Pe,,
p=0.

15.9
It is easy to check (using MATLAB, for example) that the matrix

is of full rank (i.e., rank A = 3). Therefore, the system has basic solutions. To find the basic solutions, we
first select bases. Each basis consists of three linearly independent columns of A. These columns correspond
to basic variables of the basic solution. The remaining variables are nonbasic and are set to 0. The matrix
A has 5 columns; therefore, we have (;) = 10 possible candidate basic solutions (corresponding to the 10
combinations of 3 columns out of 5). It turns out that all 10 combinations of 3 columns of A are linearly
independent. Therefore, we have 10 basic solutions. These are tabulated as follows:

Columns Basic Solutions
1,2,3 [~4/17,-80/17,83/17,0,0] "
1,2,4 [-10,49,0,—83,0] "
1,2,5 [105/31,25/31,0,0,83/31] "
1,3,4 [-12/11,0,49/11,-80/11,0]"
1,3,5 [100/35,0,25/35,0,80/35] "
1,4,5 [65/18,0,0,25/18,49/18] T
2,3,4 [0,—-6,5,2,0]
2,3,5 [0, —100/23,105/23,0,4/23] "
2,4,5 [0,13,0,—21,2]T

3,4,5  [0,0,65/19,—100/19,12/19] T

15.10
In the figure below, the shaded region corresponds to the feasible set. We then translate the line 2x1+5x2 = 0
across the shaded region until the line just touches the region at one point, and the line is as far as possible
from the origin. The point of contact is the solution to the problem. In this case, the solution is [2,6] ", and
the corresponding cost is 34.
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15.11

> X1

We use the following MATLAB commands:

>> £=[0,-10,0,-6,-20];

>> A=[1,-1,-1,0,0; 0,0,1,-1,-1];

>> b=[0;0];

>> vlb=zeros(5,1);

>> vub=[4;3;3;2;2];

>> x0=zeros(5,1);

>> neqcstr=2;

>> x=linprog(f,A,b,vlb,vub,x0,neqcstr)

4.0000
2.0000
2.0000
0.0000
2.0000

The solution is [4,2,2,0,2] .

16. The Simplex Method
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16.1
a. Performing a sequence of elementary row operations, we obtain

1 2 -1 3 2 1 2 -1 3 2 1 2 -1 3 2

A -1 3 01 _ -5 5 -6 -3 . 0 -5 5 -6 -3 -B
1 2 3 3 0 -5 5 —6 -3 0 O 4 -2 -1
1 3 1 1 0 O 4 -2 -1 0 O 0 0 0

Because elementary row operations do not change the rank of a matrix, rank A = rank B. Therefore
rank A = 3.

b. Performing a sequence of elementary row operations, we obtain

1~ -1 2 1 10 —6 1 110 -6 1
A=12 -1 ~ 5/—=1]1 ~ -1 2/=1]0 v—10 5 1
1 10 —6 1 2 -1 v 5 0 —21 ~+12 3
11 10 —6 11 10 -6
—10 1 y-10 5 |—=|01 ~-10 5 | =B
0 3 —21 ~y+12 0 0 —3(y—3) -3

Because elementary row operations do not change the rank of a matrix, rank A = rank B. Therefore
rank A =3 if 7 # 3 and rank A = 2 if v = 3.

16.2
a.

D L R S L S RN
6 2 1 1 5

—~

b. Pivoting the problem tableau about the elements (1,4) and (2, 3), we obtain

31 01 4

31 1 01

5 0 0 0 1
c. Basic feasible solution: = = [0,0,1,4]"7, ¢z = —1.

d. [Tla 2,73, 7“4] = [57 Oa 03 0]
e. Since the reduced cost coefficients are all > 0, the basic feasible solution in part ¢ is optimal.

f. The original problem does indeed have a feasible solution, because the artificial problem has an optimal
feasible solution with objective function value 0, as shown in the final phase I tableau.

g. Extract the submatrices corresponding to A and b, append the last row [¢',0], and pivot about the
(2,1)th element to obtain

0 0 -1 1 3

1 1/3 1/3 0 1/3

0 -5/3 —-5/3 0 -2/3

16.3
The problem in standard form is:
minimize —x1 — X2 — 313
subject to r1+x3=1
To + a3 =2

x1,T2,23 > 0.
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We form the tableau for the problem:

1 0 1 1
0 1 1 2
-1 -1 -3 0

Performing necessary row operations, we obtain a tableau in canonical form:

1 0 1 1
0 1
0 0 -1 3
We pivot about the (1,3)th element to get:
1 0 1
-1 1 0
1 0 0 4

The reduced cost coeflicients are all nonnegative. Hence, the current basic feasible solution is optimal:
[0,1,1]". The optimal cost is 4.

16.4
The problem in standard form is:

minimize —2T1 — X9
subject to T+ x3=2>5
To+x4 =7
T1+To+x5=9

T1,...,25 > 0.
We form the tableau for the problem:
1 0 1 0 0 5
0 1 01 0 7
1 1 00 1 9
-2 -1 .0 0 0 O

The above tableau is already in canonical form, and therefore we can proceed with the simplex procedure.
We first pivot about the (1,1)th element, to get

1 0 1 00 5
0 1 0 1 0 7
0O 1 -1 0 1 4
0 -1 2 0 0 10
Next, we pivot about the (3,2)th element to get

10 1 0 0 5
0o o0 1 1 -1

01 -1 0 1 4
0 1 0 1 14

The reduced cost coefficients are all nonnegative. Hence, the optimal solution to the problem in standard
form is [5,4,0,3,0]". The corresponding optimal cost is —14.
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16.5
a. Let B = [ag, a1] represent the first two columns of A ordered according to the basis corresponding to the
given canonical tableau, and D the second two columns. Then,

B_lD:12
3 4|’

B:Dll 2] :[3/2 —1/2].
3 4 2 1

A_[—1/2 3/2 0 11
1 -2 10

Hence,

Hence,

An alternative approach is to realize that the canonical tableau is obtained from the problem tableau via
elementary row operations. Therefore, we can obtain the entries of A from the 2 x 4 upper-left submatrix
of the canonical tableau via elementary row operations also. Specifically, start with

01 1 2
1 0 3 4
and then do two pivoting operations, one about (1,4) and the other about (2, 3).
b. The right-half of ¢ is given by
T T, . Tp-1 L2
cp=rp+cgB D =[-1,1]+[7,8] 5 4| = [—1,1] + [31,46] = [30, 47].

So ¢ =[8,7,30,47] .

c. First we calculate B~ b, giving us the basic variable values:

B-1p— 2 1| |5 _ [16]
4 3| |6 38
Hence, the BFS is [38,16,0,0] .

d. The first two entries are 16 and 38, respectively. The last component is —cB~'b = —(7(16) + 8(38)) =
—416. Hence, the last column is the vector [16,38, —416] .

16.6
The columns in the constraint matrix A corresponding to :Ej' and z; are linearly dependent. Hence they
cannot both enter a basis at the same time. This means that only one variable, ;" or z;, can assume a
nonnegative value; the nonbasic variable is necessarily zero.

16.7
a. From the given information, we have the 4 x 6 canonical tableau

1 00 1/2 1
0« 10 0 2
0«01 0 3
0100 -1 —6

Explanations:

» The given vector « indicates that A is 3 x 5.
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* In the above tableau, we assume that the basis is [a1, as, a4], in this order. Other permutations of
orders will result in interchanging rows among the first three rows of the tableau.

* The fifth column represents the coordinates of as with respect to the basis [ai,as3,a4]. Because
[~2,0,0,0,4]" lies in the nullspace of A, we deduce that —2a; + 4as = 0, which can be rewritten
as as = (1/2)a; + 0az + Oay, and hence the coordinate vector is [1/2,0,0] .

b. Let dy = [~2,0,0,0,4]". Then, Ady = 0. Therefore, the vector &' = x +edy also satisfies Az = b. Now,
x' =x +edy = [l —2¢,0,2,3,4¢] 7. For 2’ to be feasible, we must have ¢ < 1/2. Moreover, the objective
function value of @’ is ¢' @’ = 29 + rszk = 6 — 4e, where zq is the objective function value of x. So, if we
pick any ¢ € (0,1/2], then &’ will be a feasible solution with objective function value strictly less than 6.
For example, with e = 1/2, ' = [0,0,2,3,2] " is such a point. (We could also have obtained this solution by

pivoting about the element (1,5) in the tableau of part a.)

16.8
a. The BFS is [6,0,7,5,0] T, with objective function value —8.

b. r=1[0,4,0,0,—4] .

c. Yes, because the 5th column has all negative entries.

d. We pivot about the element (3,2). The new canonical tableau is:

00 —1/3 1 0 8/3
10 —2/3 0 0 4/3
01 1/3 0 -1 7/3
00 —4/3 0 0 —4/3

e. First note that based on the 5th column, the following point is feasible:

8
|
O Ut O O
+
3
=W O N

Note that x5 = €. Now, any solution of the form = = [*,0, %, *,¢] " has an objective function value given by
Z = 2o + r5€

where zp = —8 and r5 = —4 (from parts a and b). If z = —100, then e = 23. Hence, the following point has
objective function value z = —100:

6 2 52
0 0 0
= |7|+23|3| = |76
5 1 28
0 1 23

f. The entries of the 2nd column of the given canonical tableau are the coordinates of as with respect to the
basis {a4, a1, as}. Therefore,
as = a4 + 2a1 + 3as.

Therefore, the vector [2,—1,3,1,0]" lies in the nullspace of A. Similarly, using the entries of the 5th
column, we deduce that [—2,0,—3,—1,—1]T also lies in the nullspace of A. These two vectors are linearly
independent. Because A has rank 3, the dimension of the nullspace of A is 2. Hence, these two vectors form
a basis for the nullspace of A.
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16.9
a. We can convert the problem to standard form by multiplying the objective function by —1 and introducing
a surplus variable x3. We obtain:

minimize T + 229
subject to r9 —x3 =1
z1, T2, 3 2> 0.
Note that we do not need to deal with the absence of the constraint zo > 0 in the original problem, since

To > 1 implies that zo > 0 also. Had we used the rule of writing o = u — v with uw,v > 0, we obtain the
standard form problem:

minimize x1 + 2u — 2v
subject to u—v—x3=1
r1,u,v,x3 > 0.

b. For phase I, we set up the artificial problem tableau as:

01 -1 11
00 0 10

Pivoting about element (1,4), we obtain the canonical tableau:

0 1 -1 1 1
0 -1 1 0 -1

Pivoting now about element (1,2), we obtain the next canonical tableau:

01 -1 11
00 0 10

Hence, phase I terminates, and we use x5 as our initial basic variable for phase II.
For phase II, we set up the problem tableau as:

01 -1 1
12 0 0
Pivoting about element (1,2), we obtain
-1 1
2 =2

Hence, the BFS [0,1,0]" is optimal, with objective function value 2. Therefore, the optimal solution to the
original problem is [0,1]" with objective function value —2.

16.10
a. [1,0]T
b, [1 1 1}

1 -1 1
Note that the answer is not l

0 1 11 , which is the canonical tableau.

c. We choose ¢ = 2 because the only negative RCC value is ro. However, y; o < 0. Therefore, the simplex

algorithm terminates with the condition that the problem is unbounded.
d. Any vector of the form [z1, 2, —1]T, 2y > 1, is feasible. Therefore the first component can take arbitrarily
large (positive) values. Hence, the objective function, which is —z1, can take arbitrarily negative values.
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16.11
The problem in standard form is:

minimize 1+ X9

subject to T+ 229 —x3 =3
201 + 29 — x4 = 3
L1,X2,T3,T4 Z 0.

We will use z; and o as initial basic variables. Therefore, Phase I is not needed, and we immediately
proceed with Phase II. The tableau for the problem is:

a; a as ay

1 2 -1 0

2 1 0 -1
c’ 1 1 0 0

S W w o

We compute
—1
T S 12
Al = egB T =]1,]) 5 1 =[1/3,1/3],

-1

rh = cE—ATD:[O,O]—[l/B,l/S][O

_01] = [1/3,1/3] = [ra,ra).

The reduced cost coefficients are all nonnegative. Hence, the solution to the standard form problem is
[1,1,0,0] . Therefore, the solution to the original problem is [1,1]T, and the corresponding cost is 2.

16.12
a. The problem in standard form is:

minimize 4y + 329
subject to 5x1 + a9 — a3 =11
201 +x9 — x4 = 8
T4+ 20— x5 =17
Ti,...,25 > 0.

We do not have an apparent basic feasible solution. Therefore, we will need to use the two phase method.
Phase I: We introduce artificial variables zg, 7, xs and form the following tableau.

a; a; a3 a4 as ag ay ag b

5 1 -1 0 0 1 0 0 11
2 1 0 -1 0 0 1 0 8
1 2 0 o -1 0 o0 1 7
¢c" 00 0O 0 O 1 1 1 0
We then form the following revised tableau:
Variable B! Yo
Te 1 0 011
7 01 0] 8
s 0 0 1|7
We compute:
AT = 1,11
T]_T) = [7’1,7"2,7"3,7’4,7’5] - [_8, —4,1,1,1].
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We form the augmented revised tableau by introducing y, = B 'a; = a;:

Variable | B~! Yo Y1
xg 10 011 5
7 01 0|8 2
g 0 0 1,7 1
We now pivot about the first component of y, to get
Variable‘ B! ‘ Yo
x1 1/5 0 0]11/5
X7 —-2/5 1 0] 18/5
xg —-1/5 0 1]24/5
We compute
AT = [-3/5,1,1]
r), = [ro,r3,74,75,76] = [~12/5,-3/5,1,1,8/5].
We bring y, = B~ a; into the basis to get
Variable ‘ B! ‘ Yo Yo
1 1/5 0 0]11/5 1/5
X7 -2/5 1 01]18/5 3/5
xg —-1/5 0 1]24/5 9/5
We pivot about the third component of y, to get
Variable ‘ B! ‘ Yo
1 2/9 0 -1/9|5/3
X7 -1/3 1 -1/3| 2
) -1/9 0 5/9 |8/3
We compute
AT = [-1/3,1,-1/3]
rh = [rs,ra,75,76, 78] = [~1/3,1,—1/3,4/3,4/3].
We bring y; = B~ lag into the basis to get
Variable ‘ B! ‘ Yo Y3
T 2/9 0 -1/9|5/3 -2/9
7 -1/3 1 -1/3| 2 1/3
) -1/9 0 5/9 |8/3 1/9
We pivot about the second component of y; to obtain
Variable ‘ B! ‘ Yo
1 0 2/3 —-1/3| 3
x3 -1 3 -1 6
) 0 -1/3 2/3 | 2
We compute
AT = [0,0,0]
"'B - [7"4,T5,T6,T7,7"8] = [0703 17 ]-7 1] 2 0T~
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Thus, Phase I is complete, and the initial basic feasible solution is [3,2,6,0,0] .
Phase II
We form the tableau for the original problem:

a; aso as a, as b
) 1 -1 0 0 11

2 1 0 -1 0 8
1 2 0 o -1 7
c’ 4 3 0 0 0 O

The initial revised tableau for Phase II is the final revised tableau for Phase I. We compute

AT = [0,5/3,2/3]
r) [ra,rs5) = [5/3,2/3] >0".

Hence, the optimal solution to the original problem is [3,2] .
b. The problem in standard form is:
minimize —6x1 — 4x9 — Tx3 — D24
subject to r1 + 2x9 + 23 + 224 + 25 = 20
6x1 + S5x9 + 33 + 2204 + 6 = 100
3x1 +4xs + 923 + 1224 + 27 =75
T1y...,27 > 0.

We have an apparent basic feasible solution: [0, 0,0, 20, 100, 75]T, corresponding to B = I3. We form the
revised tableau corresponding to this basic feasible solution:

Variable ‘ B! ‘ Yo

T5 1 0 0] 20
T 0 1 0100
T7 0 0 1] 75
We compute
AT = [0,0,0]
T‘g = [Tlv 7’2,7‘377"4] = [_6a _47 _7a _5]

We bring y, = B~ a3 = as into the basis to obtain

Variable | B! ‘ Yo Ys
Ts 1 0 0]20 1
Te 0 1 0100 3
Ty 0 0 1|7 9
We pivot about the third component of y; to get
Variable B! ‘ Yo

zs |1 0 —1/935/3
e |0 1 —1/3] 75
zs |0 0 1/9 |25/3

We compute

AT = [0,0,-7/9]
rh = [ri,re,rary] =[—11/3,-8/9,13/3,7/9)].
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We bring y, = B~ 'a; into the basis to obtain

Variable B! ‘ Yo Y
x5 1 0 —-1/9135/3 2/3
Zg 0 1 -1/3| 75 5
x3 0 0 1/9 |25/3 1/3

We pivot about the second component of y; to obtain

Variable ‘ B! ‘ Yo
x5 1 —-2/15 —1/15]| 5/3
1 0 1/5 —1/15| 15
x3 0 —-1/15 2/15 |10/3

We compute

AT = [0,-11/15,-8/15)
rh = [ro,ra,re, 7] = [27/15,43/15,11/15,8/15] > 0",

The optimal solution to the original problem is therefore [15,0,10/3,0] .

16.13
a. By inspection of T, we conclude that the basic variables are x1, 3, 24, and the basis matrix is

0 0 1
B=|1 00
0 1 0
Since 71 > 07, the basic feasible solution corresponding to the basis B is optimal. This optimal basic

feasible solution is [8,0,9,7] .
b. An optimal solution to the dual is given by
A =c¢LB7,

where ¢, = [6,4, 5], and

We obtain AT = [5,6,4].
c. We have 7], = ¢}, — A" D, where v}, = [1], ¢}, = [ca], A| = [5,6,4], and D = [2,1,3]T. We get
1 =c9 — 10 — 6 — 12, which yields co = 29.

16.14
a. There are two basic feasible solutions: [1,0]" and [0,2] .

b. The feasible set in R? for this problem is the line segment joining the two basic feasible solutions [1,0]"
and [0,2]T. Therefore, if the problem has an optimal feasible solution that is not basic, then all points in
the feasible set are optimal. For this, we need

where a € R.
c. Since all basic feasible solutions are optimal, the relative cost coefficients are all zero.
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16.15
a.2—a<0,6<0,v<0, and § anything.

b.2—a>0,§=-7, 8 and 7 anything.
c. 2—a<0,v>0,either 5 <0or5/y<4/8, and ¢ anything.

16.16
a. The value of o must be 0, because the objective function value is 0 (lower right corner), and « is the
value of an artificial variable.

The value of § must be 0, because it is the RCC value corresponding to a basic column.

The value of v must be 2, because it must be a positive value. Otherwise, there is a feasible solution to
the artificial problem with objective function value smaller than 0, which is impossible.

The value of 6 must be 0, because we must be able to bring the fourth column into the basis without
changing the objective function value.

b. The given linear programming problem does indeed have a feasible solution: [0,5,6,0]7. We obtain
this by noticing that the right-most column is a linear combination of the second and third columns, with
coefficients 5 and 6.

16.17

First, we convert the inequality constraint Aax > b into standard form. To do this, we introduce a variable
w € R™ of surplus variables to convert the inequality constraint into the following equivalent constraint:

A,-11|%| =b, w>o.
w

Next, we introduce variables u, v € R" to replace the free variable by u —v. We then obtain the following
equivalent constraint:

[A,—A,—I] |v| =b, wu,v,w>0.

This form of the constraint is now in standard form. So we can now use Phase I of the simplex method to
implement an algorithm to find a vectors w, v, and w satisfying the above constraint, if such exist, or to
declare that none exists. If such exist, we output = u — v; otherwise, we declare that no x exists such
that Az > b. By construction, this algorithm is guaranteed to behave in the way specified by the question.

16.18
a. We form the tableau for the problem:

1/4 -8 -1
/2 —12 —1/2
0 0 1
000 —3/4 20 -1/2 6 0

— o O
S W ©
—_ O O

1
0
0

o = O

The above tableau is already in canonical form, and therefore we can proceed with the simplex procedure.
We first pivot about the (1,4)th element, to get

4 00 1 -32 -4 36 0
—2 1.0 0 4 32 -15 0
0 010 0 1 0 1
3 000 -4 -7/2 33 0

Pivoting about the (2,5)th element, we get

~12 8 010 8 -8 0
~1/2 1/4 0 0 1 3/8 —15/4 0
0O 0 100 1 0 1
1 1 000 -2 18 0
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Pivoting about the (1,6)th element, we get

—3/2 1 0 1/8 0 1 -21/2 0
1/16 —1/8 0 -3/64 1 0 3/16 0
32 -1 1 -1/8 0 0 21/2 1
2 3 0 1/4 00 -3 0
Pivoting about the (2, 7)th element, we get
2 -6 0 —-5/2 5 1 0 0
1/3 —2/3 0 —1/4 16/3 0 1 0
-2 6 1 5/2 -5 0 0 1
1 1 0 -1/2 16 0 0 0
Pivoting about the (1,1)th element, we get
1 -3 0 —5/4 28 1/2 0 0
0 1/3 0 1/6 -4 —1/6 1 0
0 0 1 0 0 1 0 1
0 -2 0 —-7/4 44 1/2 0 0
Pivoting about the (2,2)th element, we get
100 1/4 -8 -1 9 0
010 1/2 —12 —-1/2 3 0
0 0 1 0 0 1 0 1
000 —3/4 20 —1/2 6 0

which is identical to the initial tableau. Therefore, cycling occurs.

b. We start with the initial tableau of part a, and pivot about the (1,4)th element to obtain

4 0 0 1 =32 -4 36 0
-2 1 0 0 4 3/2 =15 0
0O 0 1 0 0 1 0 1
3 000 -4 -—-7/2 33 0
Pivoting about the (2,5)th element, we get
—12 8 0 1 0 8 -84 0
~1/2 1/4 0 0 1 3/8 —15/4 0
0 0 1 0 0 1 0 1
1 1 00 0 -2 18 0
Pivoting about the (1,6)th element, we get
—3/2 1 0 1/8 0 1 —21/2 0
1/16 -1/8 0 -3/64 1 0 3/16 0
3/2 -1 1 -1/8 0 0 21/2 1
—2 3 0 1/4 0 0 -3 0
Pivoting about the (2,1)th element, we get
0 -2 0 —1 24 1 -6 0
1 -2 0 -3/4 16 0 3 0
0o 2 1 1 24 0 6 1
0 -1 0 -5/4 32 0 3 0

135



Pivoting about the (3,2)th element, we get

0 0 1 0 0 1 0 1
10 1 1/4 -8 09 1
01 1/2 1/2 -12 0 3 1/2
00 1/2 -3/4 20 0 6 1/2
Pivoting about the (3,4)th element, we get
0 0 1 0 0 1 0 1
1 —1/2 3/4 0 -2 0 15/2 3/4
0 2 1 1 -24 0 6 1
0 3/2 5/4 0 2 0 21/2 5/4

The reduced cost coefficients are all nonnegative. Hence, the optimal solution to the problem is
[3/4,0,0,1,0,1,0] . The corresponding optimal cost is —5/4.

16.19
a. We have

Ad© = A(:B(l) — m(o))/Oéo =(b—1b)/ag=0.
Hence, d¥ e N(A).

b. From our discussion of moving from one BFS to an adjacent BFS, we deduce that

d® — —Yq )
€q—m
In other words, the first m components of d® are —Y1qs - - - » —Ymg, and all the other components are 0 except
the gth component, which is 1.

16.20
The following is a MATLAB function that implements the simplex algorithm.

function [x,v]=simplex(c,A,b,v,options)

% SIMPLEX(c,A,b,v);

% SIMPLEX(c,A,b,v,options);

%

% x = SIMPLEX(c,A,b,v);

% x = SIMPLEX(c,A,b,v,options);

%

A [x,v] = SIMPLEX(c,A,b,v);

% [x,v] = SIMPLEX(c,A,b,v,options);

%

%SIMPLEX(c,A,b,v) solves the following linear program using the
%Simplex Method:

% min c’x subject to Ax=b, x>=0,

Ywhere [A b] is in canonical form, and v is the vector of indices of
/basic columns. Specifically, the v(i)-th column of A is the i-th
%standard basis vector.

%The second variant allows a vector of optional parameters to be
%defined:

%0PTIONS(1) controls how much display output is given; set

%to 1 for a tabular display of results (default is no display: 0).
%0PTIONS(5) specifies how the pivot element is selected;

%  O=choose the most negative relative cost coefficient;

%  1=use Bland’s rule.
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if nargin "= 5
options = [];
if nargin "= 4
disp(’Wrong number of arguments.’);
return;
end
end

format compact;
Y%format short e;

options = foptions(options);
print = options(1);

n=length(c);
m=length(b);

cB=c(v(:));

r = c’-cB’*A; Y%row vector of relative cost coefficients
cost = -cB’*b;

tabl=[A b;r cost];

if print,
disp(’ ’);
disp(’Initial tableau:’);
disp(tabl);

end %if

while ones(1,n)*(r’ >= zeros(n,1)) “=n
if options(5) == 0;
[r_q,q] = min(x);
else
%Bland’s rule
qQ=1;
while r(q) >= 0
q=q+1;
end
end %if

min_ratio = inf;
p=0;
for i=1:m,
if tabl(i,q)>0
if tabl(i,n+1)/tabl(i,q) < min_ratio
min_ratio = tabl(i,n+1)/tabl(i,q);
p=1i;
end %if
end %if
end %for
if p ==
disp(’Problem unbounded’) ;
break;
end %if

tabl=pivot(tabl,p,q);
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if print,
disp(’Pivot point:’);
disp([p,ql);
disp(’New tableau:’);
disp(tabl);

end %if

v(p) = q;
r = tabl(m+1,1:n);
end %while

x=zeros(n,1);
x(v(:))=tabl(l:m,n+1);

The above function makes use of the following function that implements pivoting:

function Mnew=pivot(M,p,q)

/%Mnew=pivot (M,p,q)

%Returns the matrix Mnew resulting from pivoting about the
%(p,q)th element of the given matrix M.

for i=1:size(M,1),
if i==p
Mnew(p, :)=M(p, :)/M(p,q);
else
Mnew (i, :)=M(i,:)-M(p,:)*M(i,q9)/M(p,q));
end %if
end %for

D . _— _— —

We now apply the simplex algorithm to the problem in Example 16.2, as follows:

> A=[10100; 01010; 1100 1];
>> b=[4;6;8];

>> ¢=[-2;-5;0;0;0];

>> v=[3;4;5];

>> options(1)=1;

>> [x,v]=simplex(c,A,b,v,options);

Initial Tableau:

1 0 1 0 0 4
0 1 0 1 0 6
1 1 0 0 1 8
-2 -5 0 0 0 0
Pivot point:
2 2
New tableau:
1 0 1 0 4
0 1 0 1 0 6
1 0 0 -1 1 2
-2 0 0 5 0 30
Pivot point:
3 1
New tableau:
0 0 1 1 -1 2
0 1 0 1 0 6
1 0 0 -1 1 2
0 0 0 3 2 34
>> disp(x’);
2 6 2 0 0
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>> disp(v?);
3 2 1

As indicated above, the solution to the problem in standard form is [2,6,2,0,0]", and the objective
function value is —34. The optimal cost for the original maximization problem is 34.
16.21

The following is a MATLAB routine that implements the two-phase simplex method, using the MATLAB
function from Exercise 16.20.

function [x,v]=tpsimplex(c,A,b,options)

% TPSIMPLEX(c,A,b);

% TPSIMPLEX(c,A,b,options);

%

% x = TPSIMPLEX(c,A,b);

% x = TPSIMPLEX(c,A,b,options);

%

% [x,v] = TPSIMPLEX(c,A,b);

% [x,v] = TPSIMPLEX(c,A,b,options);

%

%TPSIMPLEX(c,A,b) solves the following linear program using the
/%two-phase simplex method:

% min c’x subject to Ax=b, x>=0.

%The second variant allows a vector of optional parameters to be
%defined:

%0PTIONS(1) controls how much display output is given; set

%to 1 for a tabular display of results (default is no display: 0).
%0PTIONS(5) specifies how the pivot element is selected;

% O=choose the most negative relative cost coefficient;

% 1=use Bland’s rule.

if nargin "= 4
options = [];
if nargin "= 3
disp(’Wrong number of arguments.’);
return;
end
end
clc;

format compact;
Y%format short e;

options = foptions(options);
print = options(1);

n=length(c);
m=length(b) ;

%Phase I

if print,
disp(’ ?);
disp(’Phase I’);
disp(’------- )5

end

v=n*ones(m, 1) ;
for i=1:m
v(i)=v(i)+i;
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end
[x,v]=simplex([zeros(n,1);ones(m,1)],[A eye(m)],b,v,options);

if all(v<=n),

%Phase II

if print
disp(’ ’);
disp(’Phase II’);
disp(’—-——------ ’);
disp(’Basic columns:’)
disp(v’)

end

%Convert [A b] into canonical augmented matrix
Binv=inv(A(:, [v]));

A=Binv*A;

b=Binv*b;

[x,v]=simplex(c,A,b,v,options);

if print
disp(’ ’);
disp(’Final solution:’);
disp(x’);
end
else
%assumes nondegeneracy
disp(’Terminating: problem has no feasible solution.’);
end

% ________________ _ _ _ —_—

We now apply the above MATLAB routine to the problem in Example 16.5, as follows:

>> A=[1110; 530 -1];

>> b=[4;8];

>> ¢=[-3;-5;0;0];

>> options(1)=1;

>> format rat;

>> tpsimplex(c,A,b,options);

Initial Tableau:

1 1 1 0 1 0 4
5 3 0 -1 0 1 8
-6 -4 -1 1 0 0 -12
Pivot point:
2 1
New tableau:
0 2/5 1 1/5 1 -1/5 12/5
1 3/5 0 -1/5 0 1/6 8/5
o -2/5 -1 ~-1/5 0 6/5 -12/5
Pivot point:
1 3
New tableau:
0 2/5 1 1/5 1 -1/5 12/5
1 3/5 0 -1/5 0 1/6 8/5
0 * 0 * 1 1 *
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Pivot point:

2 2
New tableau:
-2/3 0 1 1/3 1 -1/3 4/3
5/3 1 0 -1/3 0 1/3 8/3
* 0 0 * 1 1 *
Pivot point:
1 4
New tableau:
-2 0 3 1 3 -1 4
1 1 1 1 0 4
* 0 1 1 *
Basic columns:
4 2
Phase II
Initial Tableau:
-2 0 3 1 4
1 1 1 4
2 0 5 0 20
Final solution:
0 4 0 4

16.22

The following is a MATLAB function that implements the revised simplex algorithm.

function [x,v,Binv]=revsimp(c,A,b,v,Binv,options)

% REVSIMP(c,A,b,v,Binv);

% REVSIMP(c,A,b,v,Binv,options) ;

%

% x = REVSIMP(c,A,b,v,Binv);

% x = REVSIMP(c,A,b,v,Binv,options);

A

% [x,v,Binv] = REVSIMP(c,A,b,v,Binv);

% [x,v,Binv] = REVSIMP(c,A,b,v,Binv,options);

h

%REVSIMP(c,A,b,v,Binv) solves the following linear program using the
frevised simplex method:

% min c’x subject to Ax=b, x>=0,

Yiwhere v is the vector of indices of basic columns, and Binv is the
%inverse of the basis matrix. Specifically, the v(i)-th column of
%A is the i-th column of the basis vector.

%The second variant allows a vector of optional parameters to be
%defined:

%0PTIONS(1) controls how much display output is given; set

%to 1 for a tabular display of results (default is no display: 0).
7%0PTIONS(5) specifies how the pivot element is selected;

%  O=choose the most negative relative cost coefficient;

%  1=use Bland’s rule.

if nargin "= 6
options = [];
if nargin "= 5
disp(’Wrong number of arguments.’);
return;
end
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end

format compact;
Y%format short e;

options = foptions(options);
print = options(1);

n=length(c);
m=length(b);

cB=c(v(:));

yO = Binv*b;

lambdaT=cB’*Binv;

r = c¢’-lambdaT#*A; %row vector of relative cost coefficients

if print,
disp(’ ’);
disp(’Initial revised tableau [v B~(-1) y0l:’);
disp([v Binv y0]);
disp(’Relative cost coefficients:’);
disp(r);
end %if

while ones(1,n)*(r’ >= zeros(n,1)) “=n
if options(5) == 0;
[r_q,q] = min(x);
else
%Bland’s rule
g=1;
while r(q) >= 0
q=q+1;
end
end %if

yq = Binv*A(:,q);
min_ratio = inf;
p=0;
for i=1:m,
if yq(i)>0
if y0(i)/yq(i) < min_ratio
min_ratio = y0(i)/yq(i);
p=1i;
end %if
end %if
end %for
if p ==
disp(’Problem unbounded’) ;
break;
end %if

if print,
disp(’Augmented revised tableau [v B"(-1) yO yql:’)
disp([v Binv yO yql);
disp(C’ (p,q):);
disp([p,ql);
end

augrevtabl=pivot ([Binv yO yql,p,m+2);
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Binv=augrevtabl(:,1:m);
yO=augrevtabl(:,m+1);

v(p) = q;

cB=c(v(:));
lambdaT=cB’*Binv;
r = c’-lambdaT*A; %row vector of relative cost coefficients

if print,
disp(’New revised tableau [v B~(-1) y0]:’);
disp([v Binv yO0]);
disp(’Relative cost coefficients:’);
disp(r);

end %if

end %while

x=zeros(n,1);
x(v(:))=y0;

The function makes use of the pivoting function in Exercise 16.20.
We now apply the simplex algorithm to the problem in Example 16.2, as follows:

> A=[1 0100; 01010; 1100 1];

>> b=[4;6;8];

>> ¢=[-2;-5;0;0;0];

>> v=[3;4;5];

>> Binv=eye(3);

>> options(1)=1;

>> [x,v,Binv]=rev_simp(c,A,b,v,Binv,options);

Initial revised tableau [v B~(-1) yO]:

3 1 0 0 4

4 0 1 0 6

5 0 0 1 8
Relative cost coefficients:

-2 -5 0 0 0

Augmented revised tableau [v B~(-1) y0 yql:

3 1 0 0 4 0

4 0 1 0 6 1

5 0 0 1 8 1
(P,

2 2
New revised tableau [v B~ (-1) yO]:

3 1 0 0 4

2 0 1 0 6

5 0 -1 1 2
Relative cost coefficients:

-2 0 0 5 0

Augmented revised tableau [v B~ (-1) y0 yql:

3 1 0 0 4 1

2 0 1 0 6 0

5 0 -1 1 2 1
(p,q):

3 1
New revised tableau [v B~ (-1) yO]:

3 1 1 -1 2

2 0 1 0 6

1 0 -1 1 2
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Relative cost coefficients:

0 0 0 3 2
>> disp(x’);

2 6 2 0 0
>> disp(v’);

3 2 1
>> disp(Binv);

1 1 -1

0 1 0

0 -1 1

16.23
The following is a MATLAB routine that implements the two-phase revised simplex method, using the
MATLAB function from Exercise 16.22.

function [x,v]=tprevsimp(c,A,b,options)

% TPREVSIMP(c,A,b);

YA TPREVSIMP(c,A,b,options);

%

% x = TPREVSIMP(c,A,b);

% x = TPREVSIMP(c,A,b,options);

%

% [x,v] = TPREVSIMP(c,A,b);

A [x,v] = TPREVSIMP(c,A,b,options);

yA

%TPREVSIMP(c,A,b) solves the following linear program using the
/%two-phase revised simplex method:

% min c’x subject to Ax=b, x>=0.

%The second variant allows a vector of optional parameters to be
%defined:

%0PTIONS(1) controls how much display output is given; set

%to 1 for a tabular display of results (default is no display: 0).
7%0PTIONS(5) specifies how the pivot element is selected;

% O=choose the most negative relative cost coefficient;

% 1=use Bland’s rule.

if nargin "= 4
options = [];
if nargin "= 3
disp(’Wrong number of arguments.’);
return;
end
end
clc;

format compact;
Y%format short e;

options = foptions(options);
print = options(1);

n=length(c);
m=length(b);

%Phase I

if print,
disp(’ ’);
disp(’Phase I’);
disp(’--——--- N
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end

v=n*ones(m,1);
for i=1:m

v(i)=v(i)+i;
end

[x,v,Binv]=rev_simp([zeros(n,1) ;ones(m,1)],[A eye(m)],b,v,eye(m),options);

%Phase II

if print
disp(’ ’);
disp(’Phase II’);
disp(’----—--- )

end

[x,v,Binv]=rev_simp(c,A,b,v,Binv,options);

if print
disp(’ ’);
disp(’Final solution:’);
disp(x’);
end

We now apply the above MATLAB routine to the problem in Example 16.5, as follows:

>> A=[4 2 -1 0; 140 -1];
>> b=[12;6];

>> ¢=[2;3;0;0];

>> options(1)=1;

>> format rat;

>> tprevsimp(c,A,b,options);

Phase I

Initial revised tableau [v B~(-1) yOI:

5 1 0 12
6 0 1 6
Relative cost coefficients:
-5 -6 1 1 0 0
Augmented revised tableau [v B~(-1) y0 yql:
5 1 0 12 2
6 0 1 6 4
(p,q):
2 2
New revised tableau [v B~(-1) yO]:
5 1 -1/2 9
2 0 1/4  3/2
Relative cost coefficients:
=7/2 0 1 -1/2 0 3/2
Augmented revised tableau [v B~(-1) yO yql:
5 1 -1/2 9 7/2
2 0 1/4  3/2 1/4
(p,q):
1 1

New revised tableau [v B~(-1) yO]:
1 2/7 -1/7 18/7
2 -1/14 2/7  6/7
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Relative cost coefficients:
0 0 0 0 1 1

Phase II

Initial revised tableau [v B~(-1) yOI:
1 2/7 -1/7 18/7
2 -1/14 2/7 6/7

Relative cost coefficients:
* 0 5/14 4/7

Final solution:
18/7 6/7 0 0

17. Duality

17.1
Since ® and X are feasible, we have Ax > b, x > 0, and ATA< c¢’, A > 0. Postmultiplying both sides of
ATA<cT by x> 0 yields

A Ax <c'z.
Since Az > b and AT > OT, we have A Az > A'b. Hence, A'b <ec'z.

17.2
The primal problem is:

minimize e;;p
subject to Gp > Pe,,
p=>0,

where G = [g; ], e, = [1,...,1]T (with n components), and p = [p1,...,pn]". The dual of the problem is
(using symmetric duality):

maximize P)\Tem
subject to e < ez
A>0.

17.3
a. We first transform the problem into standard form:

minimize —2x1 — 312
subject to T+ 229 +x3 =4
20y + 20+ 14 =5

T1,T2,T3,T4 2 0.

The initial tableau is:

2 1 0 4
2 1 0 1 5
-2 -3 0 0 O
We now pivot about the (1, 2)th element to get:
12 1 1/2 0 2
32 0 —-1/2 1 3
-1/2 0 3/2 0 6



Pivoting now about the (2,1)th element gives:

01 2/3 -1/3 1

10 -1/3 2/3 2

0 0 4/3 1/3 7
Thus, the solution to the standard form problem is z; = 2, x5 = 1, z3 = 0, 4 = 0. The solution to the
original problem is x1 = 2, x5 = 1.

b. The dual to the standard form problem is

maximize 4X1 + 5o

subject to A1+ 2X < =2
201 + A2 < =3
AL, A2 < 0.

From the discussion before Example 17.6, it follows that the solution to the dual is AT = ¢] — r] =

[—4/3,-1/3].
17.4
The dual problem is

maximize 111 +8Xo + 73

subject to BN+ 2N+ A3 < 4
AL+ A +2X3 <3
A1, A2, Ag > 0.

Note that we may arrive at the above in one of two ways: by applying the asymmetric form of duality, or
by applying the symmetric form of duality to the original problem in standard form. From the solution of
Exercise 16.11a, we have that the solution to the dual is A = ¢, B~ = [0,5/3,2/3] (using the proof of the
duality theorem).

17.5
We represent the primal in the form

minimize e¢'x

subject to Ax =0b
x > 0.

The corresponding dual is

maximize A'b
subject to ATA<e',
that is,
maximize 2A; + 7TAa + 33
-2

subject to [)\1 A )\3] —1
1

IA

—1 —2000}.

S NN =

1 0
0 0
0 1

o = O

The solution to the dual can be obtained using the formula, AT = chfl, where
-2

c};:[—1 2 o} and B=|—1
1

[l R
O O =
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Note that because the last element in c—g, is zero, we do not need to calculate the last row of B~ when

computing A*T that is, these elements are “don’t care” elements that we denote using the asterisk. Hence,

0 0 1
NT=epB™ = [-1 -2 o] |0 12 12| =[0 -1 -2].
* % *

Note that

¢’z =A"Tb=-13,
as expected.
17.6
a. Multiplying the objective function by —1, we see that the problem is of the form of the dual in the
asymmetric form of duality. Therefore, the dual to the problem is of the form of the primal in the asymmetric
form:

minimize AT
subject to ATA=—¢T
A>0

b. The given vector y is feasible in the dual. Since b = 0, any feasible point in the dual is optimal. Thus, y
is optimal in the dual, and the objective function value for y is 0. Therefore, by the Duality Theorem, the
primal also has an optimal feasible solution, and the corresponding objective function value is 0. Since the
vector O is feasible in the primal and has objective function value 0, the vector 0 is a solution to the primal.

17.7

We introduce two sets of nonnegative variables: gcj >0,z; 20,i=1,2,...,3. We can then represent the
optimization problem in the form

minimize (v +27) + (v3 +25) + (25 +23)

1 —1]-1 -1 1| |a3| |2
0 1 of |z | |1

1
subject to l
0

We form the initial tableau,

—_
—_
|
—_
I
—_
I
—_
—_
o = N oo

c' 1 1 1 1 1 1

There is no apparent basic feasible solution. We add the second row to the first one to obtain,

:ci" xé" x:{ ] x5 x3; b

1 o -1 -1 0 1 3

0o -1 o0 0 1 0 1

c" 1 1 1 1 1 1 0

We next calculate the reduced cost coefficients,

Ry x;,r x, xy; x3 b

1 0O -1 -1 0 1 3

0 -1 0 0 1 0 1
c" 0 2 2 2 0 0 -4



We have zeros under the basic columns. The reduced cost coefficients are all nonnegative. The optimal
solution is,

-
=13 0 0 0 1 0] .
The optimal solution to the original problem is z* = [3,—1,0] .
The dual of the above linear program is
maximize 2A1 + Aa

1 1 -1

subject to [/\1 )\2} [0 1 0

The optimal solution to the dual is

*T T -1
A cpB

Il
r
=
=
—_
—
O =

|
—
| S
|
—

17.8
a. The dual (asymmetric form) is

maximize A

subject to Aa; <1, i=1,...,n.

We can write the constraint as
A<min{l/a;:i=1,...,n} = 1/a,.

Therefore, the solution to the dual problem is

A=1/a,.

b. Duality Theorem: If the primal problem has an optimal solution, then so does the dual, and the optimal
values of their respective objective functions are equal.

By the duality theorem, the primal has an optimal solution, and the optimal value of the objective function
is 1/a,. The only feasible point in the primal with this objective function value is the basic feasible solution
[0,...,0,1/a,]".

c. Suppose we start at a nonoptimal initial basic feasible solution, [0,...,1/a;,...,0]", where 1 <i <n—1.
The relative cost coefficient for the gth column, g # 4, is

a
rg=1-—-"2.
a;

Since a,, > a; for any j # n, rq is the most negative relative cost coefficient if and only if ¢ = n.

17.9
a. By asymmetric duality, the dual is given by

minimize A

subject to A>c¢, i=1,...,n.

b. The constraint in part a implies that X is feasible if and only if A > ¢4. Hence, the solution is A* = ¢4.

c. By the duality theorem, the optimal objective function value for the given problem is c¢4. The only solution
that achieves this value is j = 1 and = = 0 for all 7 # 4.
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17.10
a. The dual is

minimize Ao
subject to ATA >cl
A>0.

b. By the duality theorem, we conclude that the optimal value of the objective function is 0. The only
vector satisfying & > 0 that has an objective function value of 0 is = 0. Therefore, the solution is © = 0.

c¢. The constraint set contains only the vector 0. Any other vector x satisfying & > 0 has at least one
positive component, and consequently has a positive objective function value. But this contradicts the fact
that the optimal solution has an objective function value of 0.

17.11
a. The artificial problem is:

minimize 0", e')z
subject to [A, T]z=1b
z >0,
where e = [1,...,1]T and z =[x ",y "]".
b. The dual to the artificial problem is:
maximize ATh
subject to AA<ol
AT <e'.

¢. Suppose the given original linear programming problem has a feasible solution. By the FTLP, the original
LP problem has a BFS. Then, by a theorem given in class, the artificial problem has an optimal feasible
solution with y = 0. Hence, by the Duality Theorem, the dual of the artificial problem also has an optimal
feasible solution.

17.12
a. Possible. This situation arises if the primal is unbounded, which by the Weak Duality Lemma implies
that the dual has no feasible solution.

b. Impossible, because the Duality Theorem requires that if the primal has an optimal feasible solution,
then so does the dual.

c. Impossible, because the Duality Theorem requires that if the dual has an optimal feasible solution, then
so does the primal. Also, the Weak Dual Lemma requires that if the primal is unbounded (i.e., has a feasible
solution but no optimal feasible solution), then the dual must have no feasible solution.

17.13
To prove the result, we use Theorem 17.3 (Complementary Slackness). Since g > 0, we have A" dx=c—p<
c. Hence, X is a feasible solution to the dual. Now, (¢ — AT)\)Tm = p'x = 0. Therefore, by Theorem 17.3,
x and X are optimal for their respective problems.

17.14
To use the symmetric form of duality, we need to rewrite the problem as

minimize —c' (u—v),
subject to —A(u—v)>-b
u,v > 0,
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which we represent in the form

minimize [—c' ¢'] [u] )
v
. U
subject to [—A A l ] >-b
v
lu‘| Z o
v
By the symmetric form of duality, the dual is:
maximize AT (-b)
subject to A[—AA <[-c" "]
A>0.

Note that for the constraint involving A, we have
AM[-AA<[c"¢"] & ATA<-cTandA"A<c"
s AA=c".

Therefore, we can represent the dual as

minimize ATb
subject to AMA=c"
A>0.
17.15
The corresponding dual can be written as:
maximize 31 + 39
subject to A +2X <1
201+ X2 <1
A1, A2 > 0.

To solve the dual, we refer back to the solution of Exercise 16.11. Using the idea of the proof of the duality
theorem (Theorem 17.2), we obtain the solution to the dual as AT = ¢, B~ = [1/3,1/3]. The cost of the
dual problem is 2, which verifies the duality theorem.

17.16
The dual to the above linear program (asymmetric form) is

maximize Ao
subject to 2O <c'.

The above dual problem has a feasible solution if and only if ¢ > 0. Since any feasible solution to the dual
is also optimal, the dual has an optimal solution if and only if ¢ > 0. Therefore, by the duality theorem, the
primal problem has a solution if and only if ¢ > 0.

If the solution to the dual exists, then the optimal value of the objective function in the primal is equal
to that of the dual, which is clearly 0. In this case, 0 is optimal, since ¢ 0 = 0.

17.17
Consider the primal problem

minimize 0’z
subject to Ax>Db
x>0,
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and its corresponding dual

maximize y'b
subject to yTA<O0
y > 0.

=: By assumption, there exists a feasible solution to the primal problem. Note that any feasible solution
is also optimal, and has objective function value 0. Suppose y satisfies ATy < 0 and y > 0. Then, y is a
feasible solution to the dual. Therefore, by the Weak Duality Lemma, bTy <0.

<: Note that the feasible region for the dual is nonempty, since 0 is a feasible point. Also, by assumption,
0 is an optimal solution, since any other feasible point y satisfies bTy < b'0 = 0. Hence, by the duality
theorem, the primal problem has an (optimal) feasible solution.
17.18
a. The dual is

maximize y'b
subject to ylA<o0'.

b. The feasible set of the dual problem is always nonempty, because 0 is clearly guaranteed to be feasible.

c. Suppose y is feasible in the dual. Then, by assumption, bTy < 0. But the point 0 is feasible and has
objective function value 0. Hence, 0 is optimal in the dual.

d. By parts b and c, the dual has an optimal feasible solution. Hence, by the duality theorem, the primal
problem also has an optimal feasible solution.

e. By assumption, there exists a feasible solution to the primal problem. Note that any feasible solution
in the primal has objective function value 0 (and hence so does the given solution). Suppose y satisfies
ATy < 0. Then, y is a feasible solution to the dual. Therefore, by weak duality, bTy <0.

17.19
Consider the primal problem

minimize y'b
subject to y ' A=0
y=>0
and its corresponding dual
maximize 0’z

subject to Ax <b.

=-: By assumption, there exists a feasible solution to the dual problem. Note that any feasible solution
is also optimal, and has objective function value 0. Suppose y satisfies A’y = 0 and y > 0. Then, y is a
feasible solution to the primal. Therefore, by the Weak Duality Lemma, b’y > 0.

<: Note that the feasible region for the primal is nonempty, since 0 is a feasible point. Also, by as-
sumption, 0 is an optimal solution, since any other feasible point y satisfies bTy >b'0=0. Hence, by the
duality theorem, the dual problem has an (optimal) feasible solution.

17.20
Let e =[1,...,1]T. Consider the primal problem

minimize 0’z
subject to Ax < —e

and its corresponding dual

maximize ey
subject to yTA=0
y > 0.
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=: Suppose there exists Ax < 0. Then, the vector ' = x/min{|(Ax);|} is a feasible solution to the
primal problem. Note that any feasible solution is also optimal, and has objective function value 0. Suppose
y satisfies ATy =0, y > 0. Then, y is a feasible solution to the dual. Therefore, by the Weak Duality
Lemma, ey < 0. Since y > 0, we conclude that y = 0.

<: Suppose 0 is the only feasible solution to the dual. Then, 0 is clearly also optimal. Hence, by the
duality theorem, the primal problem has an (optimal) feasible solution . Since Az < —e and —e < 0, we
get Ax < 0.

17.21
a. Rewrite the primal as

ez
-I)'xz=0
0.

minimize (—
subject to (P
x

%

By asymmetric duality, the dual is

maximize Ao
subject to AT(P-1)"T <—e.

b. To make the notation simpler, we rewrite the dual as:

maximize 0
subject to (P—-Dy>e.

Suppose the dual is feasible. Then, there exists a y such that Py > y + e > y. Let y; be the largest
element of y, and pT the ith row of P. Then, p¥ Ty > y;. But, by definition of y;, y < y;e. Hence,
pDTy < 4;p®Te = y,;, which contradicts the inequality p Ty > y;. Hence, the dual is not feasible.

c. The primal is certainly feasible, because 0 is a feasible point. Therefore, by part b and strong duality, the
primal must also be unbounded.

d. Because 0 is an achievable objective function value (it is the objective function value of 0), and the problem
is unbounded, we deduce that 1 is also achievable. Hence, there exists a feasible  such that & "e = 1. This
proves the desired result.

17.22
Write the LP problem

minimize c'x
subject to Ax >b
x>0
and the corresponding dual problem
maximize A'b
subject to AA <c'
A>0.

By a theorem on duality, if we can find feasible points  and A for the primal and dual, respectively, such
that ¢"@ = A" b, then « and X are optimal for their respective problems. We can rewrite the previous set
of relations as

[—c' b 0
c’ —b' 0
A 0 T S b
I, 0 Al T |0
0 —AT —c

B I1,, | L0 |




Therefore, writing the above as Ay > b, where A € REQT’i+2”+2)X(m+”) and b € R2m+2742) e have that
the first n components of ¢((2m + 2n + 2), (m + n), A, b) is a solution to the given linear programming
problem.

17.23
a. Consider the dual; b does not appear in the constraint (but it does appear in the dual objective function).
Thus, provided the level sets of the dual objective function do not exactly align with one of the faces of the
constraint set (polyhedron), the optimal dual vector will not change if we perturb b very slightly. Now, by
the duality theorem, z(b) = ATb. Because A is constant in a neighborhood of b, we deduce that Vz(b) = A.

b. By part a, we deduce that the optimal objective function value will change by 3Ab;.

17.24
a. Weak duality lemma: if g and y,, are feasible points in the primal and dual, respectively, then fi(xq) >

f2(yo)-

Proof: Because y, > 0 and Axy — b < 0, we have yJ (Axy — b) < 0. Therefore,

fi(@o) > fimo) +yo (Ao — b)

1
= §mg$o +ygAa:0 fygb.

Now, we know that

1 1
5:8(—)'—930 +yg Axy > iw*—rm* + 1y Azx*,

where x* = —ATyO. Hence,

1 1 1
370 %0 +yg ATy > Syg AA Ty, —yg AA Ty, = —Syg AA Ty,
Combining this with the above, we have

1

filzo) > *gyoTAATyo —ygb
= fa(xo).
Alternatively, notice that
1+ 1+ T T
fi(mo) — fa(yo) = STo o+ 5Yo AA Yo +b Y

1 1

> Sy + 5y AA Y, + 20 Ay,
1

= §Ilwo + ATy,

> 0.

b. Suppose f1(xo) = f2(y,) for feasible points ¢ and y,. Let @ be any feasible point in the primal. Then,
by part a, fi(x) > f2(y,) = fi(x). Hence xy is optimal in the primal.

Similarly, let y be any feasible point in the dual. Then, by part a, f2(y) < fi(xo) = f2(y,). Hence y, is
optimal in the dual.

18. Non-Simplex Methods

18.1
The following is a MATLAB function that implements the affine scaling algorithm.

function [x,N] = affscale(c,A,b,u,options);
Y% AFFSCALE(c,A,b,u);
% AFFSCALE(c,A,b,u,options) ;
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%

%

%

%

A

A

%
%AFFSCALE (c,
%affine scal
% min c’x
Jiwhere u is
%The second
Yidefined:
%0PTIONS (1)
%to 1 for a
%0PTIONS (2)
%0PTIONS(3)
%0PTIONS (14)
%0PTIONS (18)

if nargin "=
options =
if nargin
disp(’Wr
return;
end
end
Xnew=u;

if length(op
if optioms
options(
end
else
options(14
end

%if length(o
options(18
%end

%clc;

X AFFSCALE(c,A,b,u);
x = AFFSCALE(c,A,b,u,options);

[x,N]
[x,N]

AFFSCALE(c,A,b,u);
AFFSCALE(c,A,b,u,options);

A,b,u) solves the following linear program using the
ing Method:
subject to Ax=b, x>=0,
a strictly feasible initial solution.
variant allows a vector of optional parameters to be

controls how much display output is given; set

tabular display of results (default is no display: 0).

is a measure of the precision required for the final point.
is a measure of the precision required cost value.

max number of iterations.

alpha.

5

1;

=4

ong number of arguments.’);

tions) >= 14
(14)==0
14)=1000*1length (xnew) ;

)=1000*1length(xnew) ;

ptions) < 18
)=0.99; Yoptional step size

format compact;

format short

options = fo
print = opti
epsilon_x =
epsilon_f =
max_iter=opt

€;

ptions(options);
ons(1);
options(2);
options(3);
ions(14);

alpha=options(18);

n=length(c);
m=length(b);

for k = 1l:max_iter,

XCUrr=xnew;
D = diag(xcurr);
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Abar = Ax*D;
Pbar = eye(n) - Abar’*inv(Abar*Abar’)*Abar;
d = -Dx*Pbarx*Dx*c;
if d “= zeros(n,1),
nonzd = f£ind(d<O0);
r = min(-xcurr(nonzd)./d(nonzd)) ;
else
disp(’Terminating: d = 0°);
break;
end
xnew = xcurr+alpha*r*d;

if print,
disp(’Iteration number k =’)
disp(k); %print iteration index k
disp(’alpha_k =’);
disp(alpha*r); ‘print alpha_k
disp(’New point =’);
disp(xnew’); %print new point

end %if

if norm(xnew-xcurr) <= epsilon_x*norm(xcurr)
disp(’Terminating: Relative difference between iterates <’);
disp(epsilon_x);
break;

end %if

if abs(c’*(xnew-xcurr)) < epsilon_f*abs(c’*xcurr),
disp(’Terminating: Relative change in objective function < ’);
disp(epsilon_f£);
break;

end %if

if k == max_iter
disp(’Terminating with maximum number of iterations’);
end %if
end Yfor

if nargout >= 1
X=Xnew;
if nargout == 2
N=k;
end
else
disp(’Final point =’);
disp(xnew’);
disp(’Number of iterations =’);
disp(k) ;
end %if

%___ ———————— _ _ —_——

We now apply the affine scaling algorithm to the problem in Example 16.2, as follows:

> A=[10100; 01010; 1100 1];
>> b=[4;6;8];

>> ¢=[-2;-5;0;0;0];

>> u=[2;3;2;3;3];

>> options(1)=0;

>> options(2)=10~(-7);

>> options(3)=10"(-7);
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>> affscale(c,A,b,u,options);
Terminating: Relative difference between iterates <
1.0000e-07
Final point =
2.0000e+00 6.0000e+00 2.0000e+00 1.0837e-09 1.7257e-08
Number of iterations =
8

The result obtained after 8 iterations as indicated above agrees with the solution in Example 16.2:
[2,6,2,0,0]T.
18.2

The following is a MATLAB routine that implements the two-phase affine scaling method, using the MAT-
LAB function from Exercise 18.1.

function [x,N]=tpaffscale(c,A,b,options)
% March 28, 2000
A

% TPAFFSCALE(c,A,b);

% TPAFFSCALE(c,A,b,options);

A

% x = TPAFFSCALE(c,A,b);

% x = TPAFFSCALE(c,A,b,options);

A

% [x,N] = TPAFFSCALE(c,A,b);

% [x,N] = TPAFFSCALE(c,A,b,options);

%

%TPAFFSCALE(c,A,b) solves the following linear program using the
%Two-Phase Affine Scaling Method:

% min c’x subject to Ax=b, x>=0.

%The second variant allows a vector of optional parameters to be
%defined:

%0PTIONS(1) controls how much display output is given; set

%to 1 for a tabular display of results (default is no display: 0).
%0PTIONS(2) is a measure of the precision required for the final point.
7%0PTIONS(3) is a measure of the precision required cost value.

%0PTIONS(14) = max number of iterations.
%0PTIONS(18) = alpha.
if nargin "= 4
options = [];
if nargin "= 3
disp(’Wrong number of arguments.’);
return;
end
end
Y%clc;

format compact;
format short e;

options = foptions(options);
print = options(1);

n=length(c);
m=length(b);

%Phase I
if print,
disp(’ ’);
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disp(’Phase I’);

u = rand(n,1);

v = b-A*u;

if v "= zeros(m,1),
u = affscale([zeros(1,n),1]’,[A v],b,[u’ 1]’ ,options);
u(n+1) = [1;

end

if print
disp(’ )
disp(’Initial condition for Phase II:’)
disp(u)

end

if u(n+1l) < options(2),
%Phase II
u(n+1) = [1;
if print
disp(’ ’);
disp(’Phase II’);

disp(’Initial condition for Phase II:’);
disp(u);

end

[x,N]=affscale(c,A,b,u,options);

if nargout ==
disp(’Final point =’);

disp(x’);
disp(’Number of iterations =’);
disp(N);
end %if
else
disp(’Terminating: problem has no feasible solution.’);

end

- — _— _— —

We now apply the above MATLAB routine to the problem in Example 16.5, as follows:

>> A=[1110; 530 -1];
>> b=[4;8];
>> ¢=[-3;-5;0;0];
>> options(1)=0;
>> tpaffscale(c,A,b,options);
Terminating: Relative difference between iterates <
1.0000e-07
Terminating: Relative difference between iterates <
1.0000e-07
Final point =
4.0934e-09  4.0000e+00  9.4280e-09  4.0000e+00
Number of iteratiomns =
7

The result obtained above agrees with the solution in Example 16.5: [0,4,0,4]T.

18.3
The following is a MATLAB routine that implements the affine scaling method applied to LP problems of
the form given in the question by converting the given problem in Karmarkar’s artificial form and then using
the MATLAB function from Exercise 18.1.

158



function [x,N]=karaffscale(c,A,b,options)

%

% KARAFFSCALE(c,A,b);

% KARAFFSCALE(c,A,b,options) ;

A

% x = KARAFFSCALE(c,A,b);

% x = KARAFFSCALE(c,A,b,options);

%

A [x,N] = KARAFFSCALE(c,A,b);

% [x,N] = KARAFFSCALE(c,A,b,options);

%
7%KARAFFSCALE(c,A,b) solves the following linear program using the
%Affine Scaling Method:

% min c’x subject to Ax>=b, x>=0.

%We use Karmarkar’s artificial problem to convert the above problem into
%a form usable by the affine scaling method.

%The second variant allows a vector of optional parameters to be
%defined:

%0PTIONS(1) controls how much display output is given; set

%to 1 for a tabular display of results (default is no display: 0).
%#0PTIONS(2) is a measure of the precision required for the final point.
%0PTIONS(3) is a measure of the precision required cost value.
7%0PTIONS(14)
%0PTIONS(18)

max number of iterations.
alpha.

if nargin "= 4
options = [J;
if nargin "= 3
disp(’Wrong number of arguments.’);
return;
end
end

Y%clc;
format compact;
format short e;

options = foptions(options);
print = options(1);

n=length(c);
m=length(b) ;

%Convert to Karmarkar’s aftificial problem
x0 = ones(n,1);

10 = ones(m,1);
u0 = ones(n,1);
v0 = ones(m,1);
AA = [

¢’ -b’ zeros(1,n) zeros(1,m) (-c’*x0+b’*10);
A zeros(m,m) zeros(m,n) -eye(m) (b-A*x0+vO0);
zeros(n,n) A’ eye(n) zeros(n,m) (c-A’*10)

1;

bb = [0; b; cl;

cc = [zeros(2*m+2*n,1); 1];
yO = [x0; 10; u0; vO0; 1];

[y,N]=affscale(cc,AA,bb,y0,options);
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if cc’xy <= options(3),
x = y(1:n);
if nargout == 0
disp(’Final point =’);
disp(x’);
disp(’Final cost =7);
disp(c’*x);
disp(’Number of iterations =’);
disp(N);
end %if
else
disp(’Terminating: problem has no optimal feasible solution.’);
end

We now apply the above MATLAB routine to the problem in Example 15.15, as follows:

>> ¢c=[-3;-5];
>> A=[-1 -5; -2 -1; -1 -1];
>> b=[-40;-20;-12];
>> options(2)=10"(-4);
>> karaffscale(c,A,b,options);
Terminating: Relative difference between iterates <

1.0000e-04
Final point =

5.1992e+00 6.5959e+00
Final cost =

-4.8577e+01
Number of iterations =

3

The solution from Example 15.15 is [5,7] 7. The accuracy of the result obtained above is disappointing.
We believe that the inaccuracy here may be caused by our particularly simple numerical implementation of
the affine scaling method. This illustrates the numerical issues that must be dealt with in any practically
useful implementation of the affine scaling method.

18.4
a. Suppose T'(z) = T'(y). Then, T;(x) = T;(y) for i = 1,...,n+ 1. Note that for i = 1,...,n, T;(x) =
(xi/a;)Thy1(x) and T;(y) = (yi/a;)Tns1(y). Therefore,

Ti(z) = (vi/ai) Tny1(x) = Ti(y) = (vi/ai)Tns1(y) = (vi/ai) Ty (),

which implies that z; = y;, i =1,...,n. Hence x = y.
b. Let y € {x € A: w11 > 0}. Hence y,,41 > 0. Define ® = [21,...,2,]" by z; = ayi/Yns1, 1= 1,...,n.

Then, T'(x) = y. To see this, note that

T 1(1:): 1 — Yn+1 =y X
nr Yi/Ynir + T Y Unr + 1 YL Yn F Ynrr

Also, fori =1,...,n,
Ti(z) = (¥i/yn+1)Tntr () = yi.

c. An immediate consequence of the solution to part b.

d. We have
1 1
Thi1(a) = = ,
+1(a) arfar+ - +anfa,+1 n+1
and, fori=1,...,n,
1
Ti(a) = (a;/a;)Ty = .
(a) = (ai/ai)Thi1(a) ]
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e. Since y = T(x), we have that for i = 1,...,n, y; = (z;/a;)yns+1. Therefore, x; = y;a; = x;yn+1, which

implies that @’ = y,112. Hence, Ax' =y, 11 Ax = by,11.

18.5
Let £ € R", and y = T'(x). Let a; be the ith column of A, i =1,...,n. As in the hint, let A’ be given by

A' =[a1a4,...,ana,,—b].
Then,
Az =b & Ax-b=0
Z1
< lai,...,an,—b] =0
Tp
1
x1/ay
& |aiay,...,ana,,—b) : =0
ZTn/an
1
(¥1/a1)Yn+1
= A : =0
(xn/an)yn+1
Yn+1
s Ay=0.
18.6
The result follows from Exercise 18.5 by setting A := ¢ and b := 0.
18.7

Consider the set {x € R" : e'x = 1,2 > 0,2; = 0}, which can be written as {x € R” : Ax = b,x > 0},

where
T
e 0

with e = [1,...,1]7, e; = [1,0,...,0]"T. Let agp = e/n. By Exercise 12.20, the closest point on the set
{x : Az = b} to the point ag is

b

1 1T

z* = AT(AAT) (b — Aag) +ap = {on_l —

Since z* € {x : Ax = b,x > 0} C {x : Az = b}, the point x* is also the closest point on the set
{x: Ax = b,x > 0} to the point ay.
Let r = ||lap — *||. Then, the sphere of radius r is inscribed in A. Note that

r=llag -z =

n(n—1)

Hence, the radius of the largest sphere inscribed in A is larger than or equal to 1/4/n(n — 1). It remains to
show that this largest radius is less than or equal to 1/4/n(n —1). To this end, we show that this largest
radius is less than or equal to 1/4/n(n — 1) + € for any £ > 0. For this, it suffices to show that the sphere of
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radius 1/4/n(n — 1) + £ is not inscribed in A. To show this, consider the point

. ¥ — ag
x = ' t+e——
[+ — aoll
= z"+ey/nn—1)(z" —ap)
.
. n—1 1 1
= T +¢e|— , e .
n - y/nn-1) vn(n—1)

It is easy to verify that the point @ above is on the sphere of radius 1/4/n(n — 1) 4+ . However, clearly the
first component of @ is negative. Therefore, the sphere of radius 1/4/n(n — 1) 4 ¢ is not inscribed in A. Our
proof is thus completed.

18.8

We first consider the constraints. We claim that x € A & & € A. To see this, note that if x € A, then

e’z =1 and hence

e'z=e' D 'z/e' D'z =1,

which means that £ € A. The same argument can be used for the converse. Next, we claim Ax = 0 &
ADzx = 0. To see this, write
Ax = ADD 'z = ADZ(e' D 'x).

Since e "D 'x > 0, we have Ax = 0 & ADZ = 0. Finally, we claim that if * is an optimal solution to the
original problem, then Z* = U(x*) is an optimal solution to the transformed problem. To see this, recall
that the problem in a Karmarkar’s restricted problem, and hence by Assumption (B) we have ¢'x* = 0. We
now note that the minimum value of the objective function ¢” DZ in the transformed problem is zero. This
is because ¢! DZ = ¢'x/e' D 'x, and e" D™ 'x > 0. Finally, we observe that at the point, Z* = U (x*)
the objective function value for the transformed problem is zero. Indeed,

c¢'Dz*=c"' DD 'z*/e" D 'z = 0.

Therefore, the two problems are equivalent.

18.9
Let v € R™*+! be such that v B = 0". We will show that
A
T T
=0

and hence v = 0 by virtue of the assumption that

A
rank [e.rl =m+ 1.

u
v =
Um+1

where u € R™ constitute the first m components of v. Then,

This in turn gives us the desired result.
To proceed, write v as

v B=u'AD + vm+1eT =0'.
Postmultiplying the above by e, and using the facts that De = x, Axg =0, and e’ e = n, we get

-
u' Axg + Vpp1n = Uppin =0,
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which implies that v,,,41 = 0. Hence, u” AD = 07, which after postmultiplying by D™* gives u' A =07.

Hence,
A
T T
v =0
[eT‘| ,
which implies that v = 0. Hence, rank B = m + 1.
18.10

We proceed by induction. For k = 0, the result is true because (9) = ag. Now suppose that *) is a strictly
interior point of A. We first show that Z(**+1) is a strictly interior point. Now,

"D = gy — aré®.
Then, since o € (0,1) and ||é® || = 1, we have
125+ — ao|| < lar(l|e™] < r.

Since r is the radius of the largest sphere inscribed in A, Z**1 is a strictly interior point of A. To complete

the proof, we write
Dkﬂ—j(k+1)

el D,z

We already know that 2(**1) € A. Tt therefore remains to show that it is strictly interior, i.e., *t1 > 0.
To see this, note that e D, Z*+1) > 0. Furthermore, we can write

2D = UL (z0D) =

D (0
Dk.’l_i(k+1) e
jglk-i-l)xglk)
Since *) = [xgk), . ,3(,'£Lk)]—r > 0 by the induction hypothesis, and &*+1) = [g’cgkﬂ), ... a’sgﬁﬂ)}—r > 0 by the

above, £**t1) > 0 and hence it is a strictly interior point of A.

19. Integer Linear Programming

19.1
The result follows from the simple observation that if M is a submatrix of A, then any submatrix of M is

also a submatrix of A. Therefore, any property involving all submatrices of A also applies to all submatrices
of M.

19.2
The result follows from the simple observation that any submatrix of A" is the transpose of a submatrix of
A, and that the determinant of the transpose of a matrix equals the determinant of the original matrix.

19.3
The claim that A is totally unimodular if [A, I] is totally unimodular follows from Exercise 19.1. To show
the converse, suppose that A is totally unimodular. We will show that any p X p invertible submatrix of
[A, I], p < min(m,n), has determinant +1. We first note that any p x p invertible submatrix of [A, I] that
consists only of columns of A has determinant +1 because A is totally unimodular. Moreover, any p X p
invertible submatrix of I has determinant 1.

Consider now a p x p invertible submatrix of [A, I] composed of k columns of A and p — k columns of I.
Without loss of generality, suppose that this submatrix is composed of the first p rows of [A, I, the last k
columns of A, and the first p— k columns of I. (This choice of rows and columns is without loss of generality
because we can exchange rows and columns to arrive at this form, and each exchange only changes the sign
of the determinant.) We now proceed as in the proof of Proposition 19.1.

19.4
The result follows from these properties of determinants: (1) that exchanging columns only changes the sign
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of the determinant; (2) the determinant of a block triangular matrix is the product of the determinants of
the diagonal blocks; and (3) the determinant of the identity matrix is 1. See also Exercise 2.4.

19.5
The vectors  and z together satisfy

Ax + 2z =0,

which means that z = b — Ax. Because the right-hand side involves only integers, z is an integer vector.

19.6
The following MATLAB code generates the figures.

%___ _ _ _

% The vertices of the feasible set

x = [2/5 1; 2/5 -2/5]I\[3; 11;

X [0 0 x(1) 2.5];

Y [0 3 x(2) 0];

fs=16; YFontsize

% Draw the fesible set for x1 x2 \in R.

vi = convhull(X,Y);

plot(X,Y, ’0’);

axis on; axis equal;

axis([-0.2 4.2 -0.2 3.2]);

hold on

£ill (X(vi), Y(vi), ’b’,’facealpha’, 0.2);
text(.1,.5, [’ \fontsize{48}\Omega’], ’position’, [1.5 1.25])
set(gca, ’Fontsize’,fs)

hold off

% The optimal solution has to be one of the extreme points
c=[-3-4]";

% Draw the feasible set for the noninteger problem

figure

axis on; axis equal;

x = [-0.5:0.1:x(1)];

y1 = -x*0.4+3;

y2 = x-2.5;

fs=16; % Fontsize

plot(x,y1,’--b’,x,y2,’--b’, ’LineWidth’,2);

axis([-0.2 4.2 -0.2 3.2]);

set(gca,’Fontsize’,fs)

hold on

X = [zeros(1,4) ones(1,3) 2*ones(1,3) 3];

Y = [0:max(floor(Y)) O:max(floor(Y)-1) O:max(floor(Y)-1) 1];

plot(X,Y,’bls’,’LineWidth’,2,...
’MarkerEdgeColor’,’k’, ...
’MarkerFaceColor’,’g’, ...
’MarkerSize’,10)

% Plot of the cost function

xc = [-1:0.5:5];

yc = -0.75*xc+(14/4) *ones(1,length(xc));

ycO = -0.75%xc+(17.5/4)*ones(1,length(xc));

fs=16; % Fontsize

plot(xc, yc, ’r’, xc, ycO, ’o-k’, ’LineWidth’,2);

set(gca,’Fontsize’,fs)

%text(.1,.5,[’\fontsize{48}\Omega’], ’position’, [1.5 1.25])

[*,Xmin] = min(c’*[X; Y1);

str = sprintf (’The maximizer is [/d, %d]’’ and the maximum is %.4f]’,...

X(Xmin), Y(Xmin), -c’*[X(Xmin); Y(Xmin)]);
disp(str);

%___ _ _
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19.7
It suffices to show the following claim: If we introduce the equation

n
zi + Z lyijlTs + 2ng1 = [yio]
j=m+1

into the original constraint, then the result holds. The reason this suffices is that the Gomory cut is obtained
by subtracting this equation from an equation obtained by elementary row operations on [A,b] (hence is
equivalent to premultiplication by an invertible matrix).

To show the above claim, let x,,+1 satisfy this constraint with an integer vector . Then,

n
zit Y Lyl + e = Lyl
j=m+1

which implies that

n
Tnt1 = Lyio) —mi— Y Lyl
Jj=m+1
Because the right-hand side involves only integers, z,,41 is an integer.
19.8

If there is only one Gomory cut, then the result follows directly from Exercise 19.7. The general result
follows by induction on the number of Gomory cuts, using Exercise 19.7 at each inductive step.

19.9
The result follows from Exercises 19.5 and 19.8.

19.10
The dual problem is:

minimize 3\; + Ao

2 2
subject to 3)‘1 + 3/\2 >3

2
1\ 73)\2 >4

A, A2 >0
/\1,)\2 € 7.

The problem is solved graphically using the same approach as in Example 19.5. We proceed by calculating
the extreme points of the feasible set. We first assume that A1, A\ € R. The extreme points are calculated
intersecting the given constraints, and they are:

5 15
AW =57 AD == 0.
5,507, 50
In Figure 24.10, we show the feasible set 2 for the case when Ay, Ay € R.

Next we sketch the feasible set for the case when A1, Ay € Z and solve the problem graphically. The
graphical solution is depicted in Figure 24.11. We can see in Figure 24.11 that the optimal integer solution
is

x*=1[6,2]".

The following MATLAB code generates the figures.

%___ _ _ —_—

Y.

The vertices of the feasible set are:

= [2/5 2/5;1 -2/5]1\[3; 4];
[7.5 x(1) 20 20];

tallial
nwn

165



18y

161

141

127

101

Figure 24.10 Feasible set 2 for the case when A1, A2 € R in Example 19.5.
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Figure 24.11  Real feasible set with A1, A2 € Z.
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Y = [0 x(2) 0 40];

fs=16; % Fontsize

% Now we draw the set Omega, supposing x1 x2 \in R.

vi = convhull(X,Y);

plot(X(1:2),Y(1:2), ’rX’, ’LineWidth’,4);

axis on; axis equal;

axis([-.2 18 -0.2 18]);

set(gca, ’Fontsize’,fs)

%title(’Feasible set supossing x1, x2 in R.’,’Fontsize’,14,’Fontname’,’Avant-garde’);
hold on

£ill (X(vi), Y(vi), ’b’,’facealpha’, 0.2);
text(.1,.5,[’\fontsize{48}\Omega’], ’position’, [12 5])
hold off

% We now the optimal solution has to be one of the extreme points.
c = [31]7%;

/%Now we draw the real feasible set for the problem.

figure

axis on; axis equal;

axis([-.2 18 -0.2 18]);

set(gca, ’Fontsize’,fs)

%title(’Feasible set and cost function’,’Fontsize’,14,’Fontname’,’Avant-garde’);
hold on

X=1[1;

Y = [1;

for i=1:18
j=0;

while ((j<=((i-4)%2.5)) && (j<18))
if ((§>=(7.5-1)))

X = [X il;
Y = [Y j1;
end
Jj=j+1;

end
end

plot(X,Y,’bls’,’LineWidth’,1,...
’MarkerEdgeColor’,’k’, ...
’MarkerFaceColor’,’g’, ...
’MarkerSize’,10)

x = [65:0.1:18];

yl = (x-4)%2.5;

y2 = (7.5-x);

plot(x,y1l,’--b’,x,y2,’--b’, ’LineWidth’,2);
set(gca, ’Fontsize’,fs)
%text(.1,.5,[’\fontsize{48}\Omega’], ’position’, [12 5])

%Plot of the cost function at level 17.5
Xc [-1:0.5:18];

yc = (35/2)*ones(1,length(xc))-3*xc;
plot(xc, yc, ’dk’, ’LineWidth’,2);

%Plot of the cost function
xc = [-1:0.5:18];
yc = (20)*ones(1,length(xc))-3*xc;
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plot(xc, yc, ’r’, ’LineWidth’,2);
[*,Xmin] = min(c’*[X; Y1);

str = sprintf(’The minimizer is [/d, %d]’’ and the maximum is %.4f]’,...
X(Xmin), Y(Xmin), c¢’*[X(Xmin); Y(Xmin)]);
disp(str);

%___ _ _ _
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20. Problems with Equality Constraints

20.1
The feasible set consists of the points

We next find the gradients:

0
3(zo +1)2

2(11 — 2)
0

Vh(z) = [ ] and Vg(z) =

All feasible points are not regular because at the above points the gradients of h and ¢ are not linearly
independent. There are no regular points of the constraints.

20.2
a. As usual, let f be the objective function, and h the constraint function. We form the Lagrangian
lx,AN)=f (w)—i—)\Th(az), and then find critical points by solving the following equations (Lagrange condition):

D,l(z,A\)=0",  Dyl(x,A\)=0".

We obtain
2 2 0 1 4| |z —4
2 6 0 2 0| |z -5
0 00O 5| |xz3|=1_—-6
1 2 0 0 Of [N\ 3
4 0 5 0 0f | A 6

The unique solution to the above system is
x* = [16/5,—1/10,-34/25]",  A* =[-27/5,-6/5]".

Note that «* is a regular point. We now apply the SOSC. We compute

L(z*,\") = F(z") + [\"H ()] =

S NN
S O N
o O O

The tangent plane is

T(x*) = {y eER3:

= {a[-5/4,5/8,1]" : a € R}.

Let y = a[-5/4,5/8,1]T € T(x*), a # 0. We have

(0]
T * * _ Y2
Y L(a:,)\)y—32a > 0.

Therefore, x* is a strict local minimizer.
b. The Lagrange condition for this problem is
442 \x1 =
2(E2 + 2Ax2

2 2
l'1+x2_9 =
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We have four points satisfying the Lagrange condition:

M =03,0", AH=-2/3
z? =1-30", I?=2/3
NG L C R
2@ — 2, VAT, AW — 1.
Note that all four points V), ..., z* are regular. We now apply the SOSC. We have
0 0 2 0
L(xz,\) = A
e RS
T(x) = {y:[2z1,2x2]y =0}.
For the first point, we have
LW vy — |743 0
’ 0 2/3
T(xW) = {a0,1]" :a € R}.

Let y = af0,1]T € T(x("), a # 0. Then
T () A1)y, _ 2 2
Lz, Ay = 3t > 0.

Hence, () is a strict local minimizer.
For the second point, we have

Hence, () is a strict local minimizer.
For the third point, we have

-2 0
L(z® \®)) = [0 O]
T(x®) = {a[-V5,2]" :a €R}.

Let y = a[—v/5,2]" € T(z®), a # 0. Then
y L(z® A®)y = —104% < 0.

Hence, £®) is a strict local maximizer.

For the fourth point, we have

o @y |20
L(:B( )7)\( )) — [ 0 0‘|
T(x®) = {a[v5,2]" :a €R}.

Let y = a[V/5,2]T € T(x™), a # 0. Then
y " L(z™® AWy = —10a® < 0.

Hence, ) is a strict local maximizer.
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c. The Lagrange condition for this problem is

ro+2 1 = 0
1+ 8 xa = 0
2?42 -1 = 0.

We have four points satisfying the Lagrange condition:

2v2)7, AW =1/4
1T, A®@=1/4
1T, A®=—1/4
@ =[-1/v2,-1/2v2)]", AW =_-1/4.

L(z,\) = l(l) é]+>\lg (8)]7
T(x) = {y:[2z1,8x2]y =0}.

Note that

L(z,—1/4) — l_l/z 1]

L(z,1/4) — lm 1].

After standard manipulations, we conclude that the first two points are strict local maximizers, while the
last two points are strict local minimizers.

20.3
We form the lagrangian

l(.’l), )\) e (ach)(bTm) + /\1(331 + 1‘2) + )\2(582 + .563).

The Lagrange conditions take the form,

Vel = (ab' +ba")x+ |Vehi(z) Viha(x)| A
[0 1 0 10
= 1 0 1|lx+ |1 1| A
_0 1 0 0 1
_ To + Ay
= |x1+x3+ A+ X
I T+ Ao
[0
= 0
_0
h(x) = Tt T2 :lol.
To + T3 0

It is easy to see that * = 0 and A* = 0 satisfy the Lagrange, FONC, conditions.
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The Hessian of the lagrangian is

010
L(z* X" )=ab' +ba" = |1 0 1
010
and the tangent space
1
Tx")=<y:y=a|-1|,a€R
1

To verify if the critical point satisfies the SOSC, we evaluate
y L(x*, \*)y = —4a”® < 0.

Thus the critical point is a strict local maximizer.

20.4
By the Lagrange condition, * = [z, 73] satisfies

1+ A
Eliminating A we get
3£E1 —4=0
which implies that z; = 4/3. Therefore, V f(x*) = [4/3,16/3]T.

20.5
a. The Lagrange condition for this problem is:

2(x" — o) +2\"x" =
lz"|* =9,

where \* € R. Rewriting the first equation we get (1 + A*)x* = xp, which when combined with the second
equation gives two values for 1+ A*: 1+ A} =2/3 and 1+ A5 = —2/3. Hence there are two solutions to the
Lagrange condition: *(") = (3/2)[1,v/3], and *(®) = —(3/2)[1,V3].

b. We have L(z*® \¥) = (1 + \¥)I. To apply the SONC Theorem, we need to check regularity. This is
easy, since the gradient of the constraint function at any point @ is 2&, which is nonzero at both the points
in part a.

For the second point, 1 + A5 = —2/3, which implies that the point is not a local minimizer because the
SONC does not hold.

On the other hand, the first point satisfies the SOSC (since 1+ A} = 2/3), which implies that it is a strict
local minimizer.

20.6
a. Let x1, x2, and x3 be the dimensions of the closed box. The problem is

minimize 2(x129 + X223 + T371)
subject to T1Tox3 = V.
We denote f(x) = 2(z122 + zaws + x321), and h(x) = z1zexs — V. We have Vf(x) = 2[xy + 23,21 +

r3,21 + 22] " and Vh(x) = [xox3, 2173, 2122) T . By the Lagrange condition, the dimensions of the box with
minimum surface area satisfies

2b4+c)+Xbec = 0

2(a+4+c)+rxac = 0

2@+b)+Xxab = 0
abc =V,

172



where \ € R.

b. Regularity of * means Vh(x*) # 0 (since there is only one scalar equality constraint in this case). Since
x* = [a,b,c]" is a feasible point, we must have a,b,c # 0 (for otherwise the volume will be 0). Hence,
Vh(x*) # 0, which implies that «* is regular.

c. Multiplying the first equation by a and the second equation by b, and then subtracting the first from the
second, we obtain:

cla—0b)=0.

Since ¢ # 0 (see part b), we conclude that a = b. By a similar procedure on the second and third equations,
we conclude that b = ¢. Hence, substituting into the fourth (constraint) equation, we obtain

a=b=c=VY3

with A = -4V ~1/3,
d. The Hessian of the Lagrangian is given by

0 24X 24X 0 -2 -2 01 1
Lz \)=|24+Xx 0 2+Xa|=]|-2 0 -2|=-2[1 01
24X 24X 0 -2 -2 0 110

The matrix L(x*, A) is not positive definite (there are several ways to check this: we could use Sylvester’s
criterion, or we could compute the eigenvalues of L(x*, \), which are 2,2, —4). Therefore, we need to compute
the tangent space T'(x*). Note that

Dh(z*) = Vh(z)" = [be,ac,ab] = V¥/3[1,1,1].

Hence,
T(x*) ={y: Dh(z")y =0} ={y : [l 1 1]y =0} ={y : ys = —(y1 + 2)}-
Let y € T(x*), y # 0. Note that either y; # 0 or y2 # 0. We have,

y' L(z* Ny =—2y' Yy = —4(y1y2 + v1y3 + Y2u3)-

= = O
= o
R

Substituting ys = —(y1 + y2), we obtain

y Lz, Ny = —4(1y2 — v1(y1 +v2) — v2 (1 +12)) = 4T + v1y2 +¥3) = 42 Q=

Q:[I 1/2]>0.

where z = [y1,92] " # 0 and

12 1

Therefore, y " L(x*, \)y > 0, which shows that the SOSC is satisfied.
An alternative (simpler) calculation:

0
y Lz Ny =—2y' |1
1

= o

1
U y=—2(yi(y2 +y3) + volvn +y3) + ys(y1 + y2)).
0

Substituting y1 = —(y2 + y3), y2 = —(y1 + y3), and y3 = —(y1 + y=) in the first, second, and third terms,
respectively, we obtain
y L(2" Ny = 2(y; +y5 +y3) > 0.
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20.7
a. We first compute critical points by applying the Lagrange conditions. These are:

25(,’1 + 2)\1‘1 =
6.’E1 + 2)\.%2 =
1 + 2)\?[3 =

o3+ a3+ a3 — 16

o o o o

There are six points satisfying the Lagrange condition:

M =[v63/2,0,1/2]7, AWM =_1
z? = [-v63/2,0,1/2]7, AP =1
I A =18
@ =10,0,—47, A®=1/8

x® =10,v/575/6,1/6]7,  A®) =3
z® =1[0,—v575/6,1/6]7, A6 = _3.

All the above points are regular. We now apply second order conditions to establish their nature. For this,
we compute

o oo
=
8
=
Il

o o w

o v o

)

and
T(x*) = {y € R®: [22y, 229, 23]y = 0}.

For the first point, we have

00 0
LW D)y = |0 4 0
00 -2

T(x™") = {[—a/V63,b,a]" :a,beR}.

Let y = [~a/v63,b,a]" € T(x")), where a and b are not both zero. Then

>0 if |a| < bv2
y LxW A D)y =4p% —242{ =0 if |a| = bV/2.
<0 if |a| > bv2

From the above, we see that ) does not satisfy the SONC. Therefore, ) cannot be an extremizer.
Performing similar calculations for (), we conclude that (?) cannot be an extremizer either.
For the third point, we have

7/4 0 0

Lx® \®) = |0 23/4 0
0 0 —1/4
T(x®) = {[a,b,0]" :a,beR}.

Let y = [a,b,0]T € T(x®), where a and b are not both zero. Then

23
a?+ =2 > 0.

7
T3 AB) gy — L2
y Lz, \*)y 1 1
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Hence, 3 is a strict local minimizer. Performing similar calculations for the remaining points, we conclude
that ® is a strict local minimizer, and (®) and z(® are both strict local maximizers.

b. The Lagrange condition for the problem is:
2x1 + )\(6{E1 + 4332) =0

2x9 + )\(4.’1,‘1 + 123?2)
373 + 4z139 + 675 — 140

Mt

From the constraint equation, we note that & = [0,0]" cannot satisfy the Lagrange condition. Therefore,
the determinant of the above matrix must be zero. Solving for A yields two possible values: —1/7 and —1/2.
We then have four points satisfying the Lagrange condition:

We represent the first two equations as

246X 4N
4\ 2+ 12X

e =124, AW =_1/7

1T, A® =—1y7
z® = [-2v14,v14]7,  A® =-1/2
@ = 2v14, V14", AW =-1/2.

Applying the SOSC, we conclude that (1) and ) are strict local minimizers, and (®) and ® are strict
local maximizers.

20.8
a. We can represent the problem as

minimize f(x)
subject to h(xz) =0,
where f(x) = 2z1 4+ 323 — 4, and h(x) = x129 — 6. We have Df(x) = [2,3], and Dh(x) = [x2,21]. Note

that 0 is not a feasible point. Therefore, any feasible point is regular. If * is a local extremizer, then by
the Lagrange multiplier theorem, there exists A* € R such that Df(z*) + \*Dh(z*) = 0", or

24+ N2 = 0

3+ X2 = 0.
Solving, we get two possible extremizers: x(!) = 3, 2]T, with corresponding Lagrange multiplier A(Y) = —1,
and £ = —[3,2]T, with corresponding Lagrange multiplier A?) = 1.

b. We have F(x) = O, and
0 1
H = .
@-10 4

First, consider the point 1) = [3,2] T, with corresponding Lagrange multiplier A1) = —1. We have

LW \0y=_ |V 1
k) 1 0 K
and
T(zV) = {y:[2,3]y = 0} = {a[-3,2]" : a € R}.
Let y = a[-3,2]" € T(zM), a # 0. We have
y LW AD)y = 1202 > 0.
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Therefore, by the SOSC, ") = [3,2]7 is a strict local minimizer.

Next, consider the point (2 = —[3,2]", with corresponding Lagrange multiplier A?) = 1. We have
L(z® \?) = 0 10
’ 1 0
and

T(x?)={y:—[2,3ly =0} = {a[-3,2]" : @ € R} = (V).
Let y = a[-3,2]T € T(z®), a # 0. We have
y Lz APy = —12a% < 0.

Therefore, by the SOSC, () = —[3,2]" is a strict local maximizer.
c. Note that f(z™) = 8, while f(x(?)) = —16. Therefore, (!, although a strict local minimizer, is not a
global minimizer. Likewise, (?), although a strict local maximizer, is not a global maximizer.

20.9
We observe that f(x1,z2) is a ratio of two quadratic functions, that is, we can represent f(x1,x2) as

' Qx
zT Pz’

f(xlv xQ) =
Therefore, if a point « is a maximizer of f(x1,z2) then so is any nonzero multiple of this point because

(tx)TQ(tx) t*z'Qx x'Qwx

(tx)TP(tx) (2" Px x' Px’

Thus any nonzero multiple of a solution is also a solution. To proceed, represent the original problem in an
equivalent form,

maximize @' Qx = 1827 — 8xxo + 1223

subject to ' Px = 223 4 223 = 1.

Thus, we wish to maximize f(z1,72) = 182% — 8z175 + 1222 subject to the equality constraint, h(z1,xs) =
1—222 — 222 = 0. We apply the Lagrange’s method to solve the problem. We form the Lagrangian function,

l(x,\) = f+ Ah,

compute its gradient and find critical points. We have,

Vol = Vala’ 18— z+ 21—z 2.0 T
-4 12 0 2
= 2 18— x — 2\ 20 x
-4 12 0 2

= 0.

We represent the above in an equivalent form,

-1
Ay — 2 0 18 —4 T —0.
0 2 —4 12

That is, solving the problem is being reduced to solving an eigenvalue-eigenvector problem,

R S
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The characteristic polynomial is

A—9 2
det =A2 - 15A+50= (X —5)(\ — 10).
e[ 5 A_Gl + ( )( )

The eigenvalues are 5 and 10. Because we are interested in finding a maximizer, we conclude that the value
of the maximized function is 10, while the corresponding maximizer corresponds to an appropriately scaled,
to satisfy the constraint, eigenvector of this eigenvalue. An eigenvector can easily be found by taking any
nonzero column of the adjoint matrix of
101, — l ) _2] :
-2 6

Performing simple manipulations gives

Thus
-2
il
is a maximizer for the equivalent problem. Any multiple of the above vector is a solution of the original
maximization problem.

20.10
We use the technique of Example 20.8. First, we write the objective function in the form a " Qz, where
3 2
_ 0T —
a-a7- 33

The characteristic polynomial of @ is A2 — 6\ + 5, and the eigenvalues of @Q are 1 and 5. The solutions to
the problem are the unit length eigenvectors of @ corresponding to the eigenvalue 5, which are +[1,1]T //2.

20.11
Consider the problem

minimize | Az||?

subject to  ||z||* = 1.

The optimal objective function value of this problem is the smallest value that |y||?> can take. The above
can be solved easily using Lagrange multipliers. The Lagrange conditions are

z'ATA- )z = o
l—z'xz = 0.
The first equation can be rewritten as AT Az = Az, which implies that X is an eigenvalue of AT A. Moreover,
premultiplying by T yields T AT Az = Az Tz = )\, which indicates that the Lagrange multiplier is equal
to the optimal objective function value. Hence, the range of values that ||y|| = ||Az| can take is 1 to v/20.
20.12

Consider the following optimization problem (we need to use squared norms to make the functions differen-
tiable):

minimize —||Azx|?

subject to || = 1.
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As usual, write f(x) = —||Az||? and h(z) = ||z|?> — 1. We have Vf(x) = —2A" Az and Vh(x) = 2z. Note
that all feasible solutions are regular. Let &* be an optimal solution. Note that the optimal value of the

objective function is f(x*) = —||A||3. The Lagrange condition for the above problem is:
—2ATAz* + X (22*) = 0
[y

From the first equation, we see that

AT Az = \z*,
which implies that A* is an eigenvalue of AT A, and z* is the corresponding eigenvector. Premultiplying the
above equation by *T and combining the result with the constraint equation, we obtain

X =2 TAT A = |Axt|? = — f(z") = | A3

Therefore, because =* minimizes f(z*), we deduce that A\* must be the largest eigenvalue of A' A; i.e.,

A* = A\;. Therefore,
[Allz = VA1

20.13
Let h(z) =1 — 2" Pz = 0. Let xy be such that h(z) = 0. Then, 2 # 0. For z( to be a regular point, we
need to show that {Vh(xzg)} is a linearly independent set, i.e., Vi(zo) # 0. Now, Vh(z) = —2Px. Since
P is nonsingular, and o # 0, then Vhi(xy) = —2Pxo # 0.

20.14
Note that the point [1,1]T is a regular point. Applying the Lagrange multiplier theorem gives

a4+ 2\ =
b+2\* =

Hence, a = b.

20.15
a. Denote the solution by [z%,23]T. The Lagrange condition for this problem has the form

o — 242\ 2 = 0
x] =2 'z; = 0
@) - (@3)? = o.

From the first and third equations it follows that =3, 2% # 0. Then, combining the first and second equations,
we obtain 5 . .
-z T
A= 2 _ 1
2z 2x5

which implies that 223 — (25)? = (2%)2. Hence, 23 = 1, and by the third Lagrange equation, (z})? = 1.
Thus, the only two points satisfying the Lagrange condition are [1,1]" and [~1,1]". Note that both points
are regular.

b. Consider the point &* = [~1,1]T. The corresponding Lagrange multiplier is \* = —1/2. The Hessian of

the Lagrangian is
1 _
L(z*,\*) = 0 1 112 0 _ 1 1 -
1 0 210 -2 1 1

The tangent plane is given by
T(xz*)={y:[-2,-2]y =0} = {[a,—a] " :a € R}.

Let y € T(x*), y # 0. Then, y = [a,—a]' for some a # 0. We have y' L(x*, \*)y = —2a% < 0. Hence,
SONC does not hold in this case, and therefore 2* = [~1,1]T cannot be local minimizer. In fact, the point
is a strict local maximizer.
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c. Consider the point &* = [1,1]". The corresponding Lagrange multiplier is A\* = 1/2. The Hessian of the

Lagrangian is
0o 1] 1[2 o 11
L(z*, \*) = - - .
(@, A% [1 0]+2[0 —2] [1 —1]

The tangent plane is given by
T(z") ={y:[2,-2ly = 0} = {[a,a] " : a €R}.
Let y € T(x*), y # 0. Then, y = [a,a] for some a # 0. We have y' L(z*, \*)y = 2a® > 0. Hence, by the

SOSC, the point * = [1,1]T is a strict local minimizer.

20.16
a. The point x* is the solution to the optimization problem

A 1 2
minimize §||:c — x|

subject to Ax = 0.

Since rank A = m, any feasible point is regular. By the Lagrange multiplier theorem, there exists A* € R™
such that
(" —x0) =X TA=0".

Postmultiplying both sides by «* and using the fact that Ax* = 0, we get
(x* — ) 'x* = 0.

b. From part a, we have
- —xyg= AT\,

Premultiplying both sides by A we get
—Axy = (AAT)X"

from which we conclude that A* = —(AA")~! Ax,. Hence,
=20+ AN =xg— AT(AA) TAxg = (I, - AT(AAT) 1 A)x,.

20.17
a. The Lagrange condition is (omitting all superscript-* for convenience):

(Az -b)TA+A'C = 0"
Cx = d.

For simplicity, write @ = AT A, which is positive definite. From the first equation, we have
z=Q 'ATb—Q'CT A
Multiplying boths sides by C' and using the second equation, we have
d=CQ 'A"b-CcQ 'C'),

from which we obtain

A=(CQ'cHl(c'ATb—ad).

Substituting back into the equation for x, we obtain

r=Q 'ATb—Q'CcT(cQ'Cc)L(CQT'ATb—d).
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b. Rewrite the objective function as

1 1
5gcTATAgc —b Az + §||b\|2.

As before, write Q = AT A. Completing the squares and setting y = @ — Q" *A ' b, the objective function
can be written as

1
§yTQy + const.

Hence, the problem can be converted to the equivalent QP:

1
minimize in Qy

subject to Cy=d-CQ'A'b.
The solution to this QP is
y* — Q—lCT(CQ—ICT)—l(d o CQ_lATb).
Hence, the solution to the original problem is:
zt = Q'ATb+Q 'cT(cT'CcTy I (d-CcQ 'ATD)
(ATA)'ATb+(ATA) T (c(ATA)ICcT) L (d-C(ATA)1ATb),
which agrees with the solution obtained in part a.

20.18
Write f(z) = 32 "Qx — ¢ + d (actually, we could have ignored d) and h(x) = b — Az. We have

Df(x)=2'Q—c', Dh(z)=—-A.

The Lagrange condition is

m*TQ _ CT _ A*TA — OT

b—Azx* = 0.
From the first equation we get
z*=Q (AN +o).

Multiplying both sides by A and using the second equation (constraint), we get

(AQT'ANN + AQ 'c=0b.
Since Q > 0 and A is of full rank, we can write

A'=(AQ'AT)'(b- AQ e).
Hence,
z*=Q e+ Q 'AT(AQ 'AT) ' (b—-AQ '¢).

Alternatively, we could have rewritten the given problem in our usual quadratic programming form with
variable y = ¢ — Q 'e.
20.19
Clearly, we have M = R(B), i.e., y € M if and only if there exists & € R™ such that y = Bx. Hence

L is positive semidefinite on M
& forallye M, y'Ly>0

& forallz € R™, (Bzx)' L(Bx)>0
& forallz e R™, z (B'LB)x >0
& foralz e R™, x ' Lyx>0

& Ly > 0.
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For positive definiteness, the same argument applies, with > replaced by >.

20.20
a. By simple manipulations, we can write

29 = a’xg + abug + bu;.
Therefore, the problem is
e 1 2 2
minimize 5 (ug + ui)
subject to a*xo + abug + buy = 0.
Alternatively, we may use a vector notation: writing u = [ug,u;]", we have
minimize flu)
subject to h(u) =0,

where f(u) = %[lul|?, and h(u) = a®zo + [ab, bju. Since the vector Vh(u) = [ab,b]" is nonzero for any u,

then any feasible point is regular. Therefore, by the Lagrange multiplier theorem, there exists A* € R such
that

ug+Aab = 0
ul + A0 =

a’xo + abul + buj =

We have three linear equations in three unknowns, that upon solving yields

a?’xo a2330

T T T T aed)

b. The Hessians of f and h are F'(u) = Iy (2 x 2 identity matrix) and H(u) = O, respectively. Hence, the
Hessian of the Lagrangian is L(u*, \*) = I, which is positive definite. Therefore, u* satisfies the SOSC,
and is therefore a strict local minimizer.

20.21
Letting z = [z2,u1,u2] ", the objective function is z' Qz, where

1 0 0
Q=10 12 o0
0 0 1/3

The linear constraint on z is obtained by writing
xo = 221 + ug = 2(2 4 uy) + ug,
which can be written as Az = b, where
A=11,-2-1], b=4.

Hence, using the method of Section 20.6, the solution is

1 1/3
z* — Q—lAT(AQ—lAT)—lb = | —4] . (12)—1 4 = _4/3

Thus, the optimal controls are uj = —4/3 and uj = —1.
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20.22
The composite input vector is

T
u:{uo Ul Ug] .

The performance index J is J = %uTu. To obtain the constraint Au = b, where A € R1*3, we proceed as
follows. First, we write

Ty = T1+2ug
LCO+2U0+2’U,1.

Using the above, we obtain

r3 = 9
= x99+ 2us
= i) =+ QU() =+ 2U1 —+ 2U2.

We represent the above in the format Au = b as follows

uo
[2 2 2} u | = 6.
U2

Thus we formulated the problem of finding the optimal control sequence as a constrained optimization
problem

minimize iuTu

subject to  Au = b.

To solve the above problem, we form the Lagrangian
L+
l(u,\) = JU u+ A(Au —b),
where A is the Lagrange multiplier. Applying the Lagrange first-order condition yields
u+A'A=0 and Au=b.

From the first of the above conditions, we calculate, u = —A T \. Substituting the above into the second of
the Lagrange conditions gives

-1
A= (aaT) o
Combining the last two equations, we obtain a closed-form formula for the optimal input sequence
-1
u=A"(a4") .

In our problem,

o b AT 1
u = = —_— =
Z; (AAT) 1

21. Problems With Inequality Constraints
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21.1
a. We form the Lagrangian function,

U, p) = o] + 425 + p(4 — 2] — 223).
The KKT conditions take the form,

Dyl(z, p) = [21}1 —2ury 8ro —4uxs| = o'
p(4 —af —223) =0
pu =0
4 — a3 — 222 <0.
From the first of the above equality, we obtain
I1=pzr1=0 (2—p)ze =0.

We first consider the case when = 0. Then, we obtain the point, () = 0, which does not satisfy the
constraints.
The next case is when p = 1. Then we have to have x5 = 0 and using u(4 — 2% — 223) = 0 gives

x® = 2 and z®) = — 2 .
0 0
For the case when p = 2, we have to have 1 = 0 and we get
0] [0
@ = [\/5 and x(® = — \/5] .
b. The Hessian of [ is ;
2 0 -2 0
L =
08 HFlo 4
When p =1,
L= 00 .
0 4
We next find the subspace
T = T={y:|+4 0]y=0}

= {y:a[o 1}T:GER}.

We then check for positive definiteness of L on T,

0 0f]0
T _ 2 _ 2
y Ly=a [O 1} [0 4] [1] =4a” > 0.

Hence, £® and 23 satisfy the SOSC to be strict local minimizers.
When p = 2,
-2 0
0 o|’

T:{y:a[l O}T:aER}.

L=

and
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We have
y Ly =—2d% <0.
Thus, £® and £® do not satisfy the SONC to be minimizers.
In summary, only (2 and (3 are strict local minimizers.
21.2

a. We first find critical points by applying the Karush-Kuhn-Tucker conditions, which are

207 —2 =221 + 52 = 0
1 1
2x9 — 10 + = = = 0
To + 5[1,1 + 2,&2
1 9 1
1|\ 5Tz~ T + o 53714—5962—5 = 0
p = 0

We have to check four possible combinations.
Case 1: (u; = 0, p2 = 0) Solving the first and second Karush-Kuhn-Tucker equations yields (1) = [1,5]T.
However, this point is not feasible and is therefore not a candidate minimizer.
Case 2: (u1 > 0, uo = 0) We have two possible solutions:
@ =[-098,48T  u? =202
e® =[-0.02,0T  uf¥ =50

Both () and ® satisfy the constraints, and are therefore candidate minimizers.
Case 3: (u1 =0, us > 0) Solving the corresponding equation yields:

™ =[0.5050,4.9505]7 Y =0.198.

The point ) is not feasible, and hence is not a candidate minimizer.
Case 4: (pt1 > 0, po > 0) We have two solutions:

x®) =1[0.732,2.679]7  u® =[13.246,3.986] "
z® =[-273,37.32] 7  p® =[188.8,—204]".
The point (®) is feasible, but (%) is not.

We are left with three candidate minimizers: (®), ), and (). Tt is easy to check that they are regular.
We now check if each satisfies the second order conditions. For this, we compute

272#1 O
L = )
(z, 1) 0 2}
For ), we have
—2.04 0
Liz® ,®) —
(', u'*) 0 9
T(x®) = {a[-0.1021,1]" : a € R}.

Let y = a[-0.1021,1]T € T(2®) with a # 0. Then
yTL(w(Q), p,(Q))y =1.979a% > 0.

Thus, by the SOSC, () is a strict local minimizer.
For ), we have

—97.958 0
Liz® 4,3y —
(@™, ') 0 5
T(x®) = {a[-4.898,1]" : a € R}.
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Let y = a[—4.898,1]T € T(2®) with a # 0. Then,
y L(x®, p®)y = —2347.94% < 0.

Thus, ) does not satisfy the SOSC. In fact, in this case, we have T(x®)) = T(2®)), and hence ® does
not satisfy the SONC either. We conclude that () is not a local minimizer. We can easily check that x(®)
is not a local maximizer either.

For ®) | we have

L(2®, u®)

—24.4919 0
0 2

T(x®) = {o}.
The SOSC is trivially satisfied, and therefore £(®) is a strict local minimizer.

b. The Karush-Kuhn-Tucker conditions are:

2xy — p1 — p3 0

209 — o —p3 = 0

—x1 < 0

—x9 < 0

—xr1—22+5 < 0

—p1 — poo + p3(—r1 —x2+5) = 0
My pho, i3 > 0.

It is easy to verify that the only combination of Karush-Kuhn-Tucker multipliers resulting in a feasible point
is 11 = pg = 0, p3 > 0. For this case, we obtain =* = [2.5,2.5]T, pu* =[0,0,5]T. We have

v a 20
L(w,u)z[o 2]>0.

Hence, x* is a strict local minimizer (in fact, the only one for this problem).

¢. The Karush-Kuhn-Tucker conditions are:

2z + 629 — 4+ 2121 + 29 0

61 —2+2u1 — 22 = 0

2242 -1 < 0

201 — 220 —1 < 0

pr(z3 4+ 220 — 1) + pa (207 — 229 — 1) = 0
M1, p2 > 0.

It is easy to verify that the only combination of Karush-Kuhn-Tucker multipliers resulting in a feasible point
is 3 = 0, p2 > 0. For this case, we obtain * = [9/14,2/14] T, pu* = [0,13/14] . We have

Lz, p*) = [2 g]

T(z") {a[1,1] : a € R}.

Let y = a[1,1] € T(z*) with a # 0. Then
y L(z*, ")y = 14a® > 0.
Hence, x* is a strict local minimizer (in fact, the only one for this problem).
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21.3
The Karush-Kuhn-Tucker conditions are:

2x1 + 2Xx1 + 2Ax9 4 2u21
2x9 4+ 2z + 2z — 1

22 42wy +25 -1 =

IA

l‘% — T2
p(x — o)
I

o o o o o o

vV

We have two cases to consider.
Case 1: (1 > 0) Substituting x2 = 27 into the third equation and combining the result with the first two
yields two possible points:

™ =[-1.618,0.618]  u® = —3.7889
® =[2.618,0.382]7  u® =—0.2111.

Note that the resulting p values violate the condition p > 0. Hence, neither of the points are minimizers
(although they are candidates for maximizers).

Case 2: (= 0) Subtracting the second equation from the first yields 1 = xo, which upon substituting
into the third equation gives two possible points:

x® =11/2,1/2]", 2@ =[-1/2,1/2] .

Note that (¥ is not a feasible point, and is therefore not a candidate minimizer.
Therefore, the only remaining candidate is ®), with corresponding A(®) = —1/2 (and p = 0). We now
check second order conditions. We have

L(z®,0,A3) = l_ll ﬂ
Tx®) = {a[1,-1]" :a € R}.
Let y = a[l,—1]T € T(z®) with a # 0. Then
yTL(w(3)7O, A(S))y =4a% > 0.

Therefore, by the SOSC, x®) is a strict local minimizer.

21.4
The optimization problem is:

minimize e,—';p
subject to Gp > Pe,,
r=>0,

where G = [g; j], en = [1,...,1]T (with n components), and p = [p1,...,p,] . The KKT condition for this
problem is:

en —uG—p; = 0
pi (Pem —Gp) —pgp = 0
Gp > Pep
By, e, p 2 0.
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21.5
a. We have f(z) = 2o — (1 — 2)> + 3 and g(x) = 1 — 2o. Hence, Vf(z) = [-3(x1 — 2)%,1]T and
Vg(z) = [0,—1]". The KKT condition is

p o= 0
—3(z1—-2)2 = 0
l1—p =0
p(l—z2) = 0
1l—2 < 0.

The only solution to the above conditions is =* = [2,1]T, p* = 1.
To check if z* is regular, we note that the constraint is active. We have Vg(z*) = [0, —1]T, which is
nonzero. Hence, =* is regular.

b. We have

L(z*,4*) = F(a") + 4" G(a") = [g 8} .

Hence, the point * satisfies the SONC.

c. Since p* > 0, we have T(x*,p*) = T(x*) = {y : [0,—1]y = 0} = {y : y» = 0}, which means that T
contains nonzero vectors. Hence, the SOSC does not hold at x*.

21.6
a. Write f(x) = 29, g(x) = — (22 + (v1 — 1) = 3). We have Vf(z) = [0,1]" and Vg(z) = [-2(z; — 1), 1] .
The KKT conditions are:

po>

—2u(z1 —1) =

1l—p =

p(ze +(r1 = 1) =3) =
T+ (r;—1)2+3 <

o o o o o

From the third equation we get u = 1. The second equation then gives ;1 = 1, and the fourth equation gives
x5 = 3. Therefore, the only point that satisfies the KKT condition is * = [1,3] T, with a KKT multiplier of
pw=1.
b. Note that the constraint o + (z1 — 1) +3 > 0 is active at *. We have T(z*) = {y : [0,-1]y =
0} ={y :y2 =0}, and N(z*) = {y : y = [0,—1]z, 2 € R} = {y : y1 = 0}. Because pu* > 0, we have
T(x*) = T(x") ={y : y2 = 0}

-2 0

1o ol

c. We have
From part b, T(z*) = {y : y2 = 0}. Therefore, for any y € T(z*), y L(x*, u*)y = —2y? < 0, which means
that * does not satisfy the SONC.

21.7
a. We need to consider two optimization problems. We first consider the minimization problem

-2 0

L(z* 1) =0 +1
(", 1") tHy

minimize (z; — 2)% + (2o — 1)?
subject to x% — 29 <0

1 +a0—2<0

—z1 <0.
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Then, we form the Lagrangian function
Wz, p) = (21 = 2)* + (22 = 1) + pa (af — 22) + pa(21 + 22 — 2) + pa(—a1).
The KKT condition takes the form

Val(z, p) = [2(331 —2)+2mzy +pg —pz 2w —1) —p1 + Mz} =o0"
p(af —a2) = 0
,U2(171 + xo — 2) =0
p3(—z1) =0
pi > 0.
The point «* = 0 satisfies the above conditions for uy = —2, pue = 0, and pz = —4. Thus the point =* does
not satisfy the KKT conditions for minimum.
We next consider the maximization problem
minimize — (z; — 2)% — (22 — 1)?
subject to x% —29<0
1+ —2<0
— X S 0.

The Lagrangian function for the above problem is,
Wz, p) = —(21 = 2)* = (x2 = 1)* + pa (T — x2) + pa(1 + 22 — 2) + pa(—21).

The KKT condition takes the form

Vel(@,p) = | =2(x1 — 2) + 2wy +pp — p3 —2(w2 — 1) — pa + pp| =07
g (af — x9) =0

/Lg(xl + o — 2) =0

p3(—z1) =0

i = 0.

The point * = 0 satisfies the above conditions for 1 = 2, o = 0, and us = 4. Hence, the point «* satisfies
the KKT conditions for maximum.

b. We next compute the Hessian, with respect to x, of the lagrangian to obtain

2 0 10 [2 o
L=F+ G = —
TG [0 —2]+l0 O] [0 —2]

which is indefinite on R?. We next find the subspace

x* T _
b e
= {0}7

That is, T is a trivial subspace that consists only of the zero vector. Thus the SOSC for &* to be a strict
local maximizer is trivially satisfied.

21.8
a. Write h(x) = z1 — 22, g(x) = —z1. We have Df(x) = [23,2x122], Dh(z) = [1,-1], Dg(x) = [-1,0].
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Note that all feasible points are regular. The KKT condition is:

T34+ N —p 0
2r129 — A = 0
pry = 0

w =0

r1—x9 = 0

zy > 0.

We first try 1 = 2 = 0 (active inequality constraint). Substituting and manipulating, we have the solution
i = x5 = 0 with p* = 0, which is a legitimate solution. If we then try z; = z7 > 0 (inactive inequality
constraint), we find that there is no consistent solution to the KKT condition. Thus, there is only one point
satisfying the KKT condition: &* = 0.

c. The tangent space at ™ = 0 is given by

T(O) = {y : []-7 _1]y =0, [_170]y = 0} = {O}
Therefore, the SONC holds for the solution in part a.
d. We have

L(w, A\ p) = [ ! 2”52] .

209 211

Hence, at * = 0, we have L(0,0,0) = O. Since the active constraint at * = 0 is degenerate, we have

7(0,0) ={y:[1,-1]y = 0},
which is nontrivial. Hence, for any nonzero vector y € 7(0,0), we have y ' L(0,0,0)y = 0 0. Thus, the
SOSC does not hold for the solution in part a.

21.9
a. The KKT condition for the problem is:

(Az—b)TA+ e —p" = 0F
w'x = 0
p > 0
elz—1 = 0
x > 0

where e = [1,...,1]".

b. A feasible point &* is regular in this problem if the vectors e, e;, i € J(x*) are linearly independent,
where J(x*) = {i : 7 = 0} and e; is the vector with 0 in all components except the ith component, which
is 1.

In this problem, all feasible points are regular. To see this, note that 0 is not feasible. Therefore, any
feasible point results in the set J(x*) having fewer than n elements, which implies that the vectors e, e;,
i € J(x*) are linearly independent.

21.10
By the KKT Theorem, there exists pu* > 0 such that

(" —x0) + " Vg(z*) = 0
prgx®) = 0.

Premultiplying both sides of the first equation by (x* — @) ", we obtain

lz* — ao||* + p* (" — @) " Vg(z*) = 0.
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Since [|£* — o||?> > 0 (because g(xo) > 0) and p* > 0, we deduce that (z* — xo) " Vg(x*) < 0 and pu* > 0.
From the second KKT condition above, we conclude that g(x*) = 0.

21.11
a. By inspection, we guess the point [2,2]T (drawing a picture may help).

b. We write f(x) = (v1 — 3)? + (22 — 4)%, g1(x) = —21, g2(T) = —2, g3(x) = 71 — 2, ga(x) = 72 — 2,
g = [91,92,93,94) . The problem becomes

minimize f(@)

subject to  g(x) <O0.
We now check the SOSC for the point * = [2,2]". We have two active constraints: g3, g4. Regularity
holds, since Vgz(x*) = [1,0]"7 and Vgs(x*) = [0,1]7. We have Vf(x*) = [~2,—4]T. We need to find a

p* € R p* > 0, satisfying FONC. From the condition p*"g(x*) = 0, we deduce that u = uj = 0. Hence,
Df(x*) 4+ pu*T Dg(x*) = 0" if and only if pu* = [0,0,2,4]". Now,

F(w*)zlﬁ 2] waw:[g 8]

Hence
2 0
L * *)
(", 1) lo 2]

which is positive definite on R?. Hence, SOSC is satisfied, and «* is a strict local minimizer.

21.12
The KKT condition is

2TQ+p’A = 0
pw (Az—b) = 0
n =0
Arx—-b < 0

Postmultiplying the first equation by x gives
' Qr+p' Ax =0.
We note from the second equation that p" Az = pub. Hence,
' Qr+pu'b=0.

Since @ > 0, the first term is nonnegative. Also, the second term is nonnegative because u > 0 and b > 0.
Hence, we conclude that both terms must be zero. Because @ > 0, we must have = 0.

Aside: Actually, we can deduce that the only solution to the KKT condition must be 0, as follows. The
problem is convex; thus, the only points satisfying the KKT condition are global minimizers. However, we
see that 0 is a feasible point, and is the only point for which the objective function value is 0. Further, the
objective function is bounded below by 0. Hence, 0 is the only global minimizer.

21.13
a. We have one scalar equality constraint with h(x) = [c,d] " — e and two scalar inequality constraints with
g(x) = —x. Hence, there exists u* € R? and \* € R such that

> 0

a+cX —py = 0
b+d\*—u5 = 0
Tzt = 0
cxy+dry = e
5 > 0.
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b. Because x* is a basic feasible solution, and the equality constraint precludes the point 0, exactly one of the
inequality constraints is active. The vectors Vh(z*) = [c,d]" and Vg; = [1,0]" are linearly independent.
Similarly, the vectors Vh(x*) = [c,d]T and Vg, = [0,1]T are linearly independent. Hence, &* must be
regular.

c. The tangent space is given by

T(z*) = {y€eR":Dh(z")y=0, Dg;(z")y=0, j€J(x")}
= N(M),

where M is a matrix with the first row equal to Dh(x*) = [¢,d], and the second row is either Dg; = [1,0]
or Dgo = [0, 1]. But, as we have seen in part b, rank M = 2 Hence, T'(z*) = {0}.

d. Recall that we can take p* to be the relative cost coefficient vector (i.e., the KKT conditions are satisfied
with p* being the relative cost coefficient vector). If the relative cost coefficients of all nonbasic variables
are strictly positive, then pf > 0 for all j € J(z*). Hence, T(z*,p*) = T(x*) = {0}, which implies that
L(z*,\*, u*) > 0 on T(x*, u*). Hence, the SOSC is satisfied.

21.14
Let * be a solution. Since A is of full rank, * is regular. The KKT Theorem states that x* satisfies:

pt =0
CT 4 ,LL*TA _
pwTAx* = 0.

If we postmultiply the second equation by x* and subtract the third from the result, we get

c'z*=0.
21.15
a. We can write the LP as
minimize f(x)
subject to h(z) =0,
g(x) <0,

where f(x) = ¢'x, h(x) = Ax — b, and g(x) = —x. Thus, we have Df(x) = ¢', Dh(z) = A, and
Dg(x) = —I. The Karush-Kuhn-Tucker conditions for the above problem have the form: if &* is a local
minimizer, then there exists A* and p* such that

pt =0
CT —|—)\*TA _ M*T _ OT
H*Tm* = 0.

b. Let * be an optimal feasible solution. Then, z* satisfies the Karush-Kuhn-Tucker conditions listed in
part a. Since p* > 0, then from the second condition in part a, we obtain (—A*)T A < . Hence, A = —\*
is a feasible solution to the dual (see Chapter 17). Postmultiplying the second condition in part a by x*, we
have

O=c'a"+XTAe—p' Tx* =c'z"* + X" Tb
which gives

c'z* =A'b.

Hence, A achieves the same objective function value for the dual as «* for the primal.

c. From part a, we have pu*T = ¢” — AA. Substituting this into p*Tx* = 0 yields the desired result.
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21.16
By definition of J(x*), we have g;(x*) < 0 for all i ¢ J(x*). Since by assumption g; is continuous for all i,
there exists € > 0 such that g;(z) < 0 for all i ¢ J(x*) and all  in the set B = {x : || — z*|| < €}. Let
Si={x:h(x) =0,g;(x) <0,j € J(x*)}. We claim that SN B =5, N B. To see this, note that clearly
SNBC S NB. To show that S; N B C SN B, suppose « € S; N B. Then, by definition of S; and B, we
have h(x) =0, g;(x) <0 for all j € J(x*), and g;(x) < 0 for all i ¢ J(x*). Hence, x € SN B.

Since «* is a local minimizer of f over S, and SN B C S, «* is also a local minimizer of f over
SN B =5, N B. Hence, we conclude that «* is a regular local minimizer of f on S;. Note that S’ C Sy,
and x* € S’. Therefore, * is a regular local minimizer of f on S’.

21.17
Write f(x) = #7+23, g1 (®) = 27 —w2—4, go(x) = 22—x1-2, and g = [g1,92] ". Wehave Vf(x) = [221,2z5] ",
Vgi(x) = 221, —1]T, Vgo(z) = [-1,1]T, and D?f(x) = diag[2,2]. We compute

Vi(x)+pn'Vg(x) = 221 + 221 — pig, 229 — 1 + pa) -
We use the FONC to find critical points. Rewriting Vf(z) + u' Vg(x) = 0, we obtain

_ M2 " :Ml—uQ
2+ 2u 2 2

z

We also use pu ' g(x) = 0 and p > 0, giving
pr (2 — 29 —4) =0, pa(xe —x1 — 2) = 0.
The vector g has two components; therefore, we try four different cases.
Case 1: (u1 > 0, us > 0) We have
x?—x2—4:0, Tog—x1 —2=0.

We obtain two solutions: () =[~2,0]" and ) = [3,5]". For (1), the two FONC equations give j; = o
and —2(2+42p1) = p1, which yield gy = uo = —4/5. This is not a legitimate solution since we require g > 0.
For (%) the two FONC equations give y; — po = 10 and 3(2 4 2u1) = 2, which yield g = [~16/5, —66/5].
Again, this is not a legitimate solution.

Case 2: (u1 =0, 2 > 0) We have

H2 H2
To—x1 —2=0, xl:?’ x2:—?.
Hence, 1 = —x9, and thus & = [—1,1], uo = —2. This is not a legitimate solution since we require g > 0.
Case 3: (u1 > 0, uo = 0) We have
x%—x2—4=O, z; =0, l‘gz%.
Therefore, xo = —4, u; = —8, and again we don’t have a legitimate solution.

Case 4: (u3 = 0, uo = 0) We have 1 = 2 = 0, and all constraints are inactive. This is a legitimate

candidate for the minimizer. We now apply the SOSC. Note that since the candidate is an interior point
of the constraint set, the SOSC for the problem is equivalent to the SOSC for unconstrained optimization.
The Hessian matrix D? f(x) = diag[2,2] is symmetric and positive definite. Hence, by the SOSC, the point
x* = [0,0]" is the strict local minimizer (in fact, it is easy to see that it is a global minimizer).
21.18
Write f(x) = 27+123, g1(x) = —z1+23+4, ga(x) = 21-10, and g = [g1, ga] ". We have V f(x) = [221, 225] T,
Vagi(z) = [-1,222] T, Vga(x) = [1,0] 7, D?f(x) = diag[2,2], D?g;(x) = diag[0,2], and D?gs(x) = O. We
compute

Vi(x)+p' Vg(x) =221 — py + pi2, 220 + 2u122) '
We use the FONC to find critical points. Rewriting V f(z) + u' Vg(x) = 0, we obtain

xlzlh;#?, xo(1+ p1) =0.
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Since we require p > 0, we deduce that x5 = 0. Using ' g(z) = 0 gives
wi(—z1 +4) =0, po = 0.

We are left with two cases.

Case 1: (u1 > 0, uo = 0) We have —z1 +4 = 0, and p1 = 8, which is a legitimate candidate.

Case 2: (1 = 0, pug = 0) We have 21 = x5 = 0, which is not a legitimate candidate, since it is not a
feasible point.

We now apply SOSC to our candidate = = [4,0] T, p = . Now,

siwaisan=[; o+ lo 4 o

which is positive definite on all of R?. The point [4,0]T is clearly regular. Hence, by the SOSC, x* = [4, 0]
is a strict local minimizer.

21.19
Write f () = 21423, g1(x) = —21—23+4, go(x) = 3r9—21, g3(®) = —3x9—x1 and g = [g1, ga, 93] . We have
Vi(z) = [221,272] ", Va1 (x) = [-1,=222] T, Vga(x) = [-1,3]T, Vga(x) = [-1,-3]T, D f(x) = diag[2,2],
D?%g;(x) = diag[0, —2], and D?gy(x) = D?g3(x) = O.

From the figure, we see that the two candidates are (1) = [3,1] and «(?) = [3, —1]. Both points are easily
verified to be regular.

For (1), we have us = 0. Now,

Df(xM) + pn " Dg(xM) = [6 — p1 — p12,2 — 21 + 3u2] =07,

which yields p; = 4, pz = 2. Now, T(z")) = {0}. Therefore, any matrix is positive definite on T'(z®)).
Hence, by the SOSC, (V) is a strict local minimizer.
For ?), we have uy = 0. Now,

Df(@™) + pu" Dg(®™)) = [6 — i — pg, —2+ 21 — 3us] =07,

which yields p1 = 4, us = 2. Now, again we have T(w(2)) = {0}. Therefore, any matrix is positive definite
on T(x®?). Hence, by the SOSC, 2 is a strict local minimizer.

21.20
a. Write f(x) = 3z; and g(z) = 2 — 21 — 23. We have Vf(x ) =[3,0]T and Vg(z*) = [-1,0]T. Hence,
letting p* = 3, we have V f(x*)+p*Vg(x*) = 0. Note also that u* > 0 and p*g(x*) = 0. Hence, z* = [2,0] "
satisfies the KKT (first order necessary) condition.

b. We have F(z*) = O and G(x*) = diag[0, —2]. Hence, L(x*, u*) = O + 3 diag[0, —2] = diag[0, —6]. Also,

T(z*) ={y:[-1,0ly = 0} = {y : y1 = 0}. Hence, * = [2,0]" does not satisfy the second order necessary
condition.

c. No. Consider points of the form & = [~22 + 2,25]", 2o € R. Such points are feasible, and could be
arbitrarily close to «*. However, for such points  # x*,

f(x) =3(—23+2) =6 — 623 <6 = f(x*).

Hence, * is not a local minimizer.

21.21
The KKT condition for the problem is

u >0
'+ XNa—pt = 0
M*Tw* = 0.
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Premultiplying the second KKT condition above by p*" and using the third condition, we get
N Ta = ||

Also, premultiplying the second KKT condition above by * " and using the feasibility condition a™a* = b,
we get
=
b
We conclude that u* = 0. For if not, the equation A\*pu* "a = ||p*||? implies that p* @ < 0, which contradicts
p*>0and a > 0.
Rewriting the second KKT condition with p* = 0 yields

A= < 0.

¥ =-\Na.
Using the feasibility condition @' x* = b, we get
b
T =a—->.
el
21.22
a. Suppose (73)? + (z3)%2 < 1. Then, the point * = [2},23]" lies in the interior of the constraint set

Q= {z: ||z||> < 1}. Hence, by the FONC for unconstrained optimization, we have that V f(x*) = 0, where
f(z) = ||l — [a,b]T||? is the objective function. Now, Vf(z*) = 2(x* — [a,b]") = 0, which implies that
x* = [a,b] " which violates the assumption (x7)? + (23)2 < 1.

b. First, we need to show that «* is a regular point. For this, note that if we write the constraint as
g(x) = ||z||> — 1 < 0, then Vg(x*) = 2x* # 0. Therefore, * is a regular point. Hence, by the Karush-
Kuhn-Tucker theorem, there exists u € R, u > 0, such that

Vf(x*) +pVg(x*) =0,

which gives
1
1+pn

a
b

*

Hence, * is unique, and we can write x = aa, =5 = ab, where a = 1/(1 + u) > 0.

c. Using part b and the fact that ||z*|| = 1, we get ||z*||? = o?||[a,b] " ||? = 1, which gives a = 1/||[a,b] "] =
1/vVa? + b2,

21.23
a. The Karush-Kuhn-Tucker conditions for this problem are

2z + ptexp(zy) = 0
2xs+ 1) —p* = 0
p'(exp(a]) —a3) = 0
exp(zy) < @3
wo = 0.

b. From the second equation in part a, we obtain p* = 2(z5 4+ 1). Since 23 > exp(z}) > 0, then p* > 0.
Hence, by the third equation in part a, we obtain =3 = exp(x7).

c. Since p* = 2(x5 + 1) = 2(exp(a7) + 1), then by the first equation in part a, we have
227 + 2fexp(z?) + 1) exp(zf) = 0

which implies
2] = —(exp(2z7) + exp(z7)).
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Since exp(x7), exp(2x7) > 0, then x7 < 0, and hence exp(z7), exp(2z}) < 1. Therefore, 27 > —2.

21.24
a. We rewrite the problem as

minimize f(@)
subject to g(x) <0,

where f(xz) = ¢'x and g(x) = i||x|> — 1. Hence, Vf(x) = ¢ and Vg(x) = x. Note that =* # 0 (for
otherwise it would not be feasible), and therefore it is a regular point. By the KKT theorem, there exists
u* < 0 such that ¢ = p*x* and p*g(x*) = 0. Since ¢ # 0, we must have p* # 0. Therefore, g(x*) = 0,
which implies that ||z*||? = 2.

b. From part a, we have o?||e||> = 2. Since |le||* = n, we have a = /2/n.
To find ¢, we use

4=c'a* +8=p"||x*||? +8=2u" +8,
and thus p* = —2. Hence, ¢ = —2ae = — (2 2/n) e.

21.25
We can represent the equivalent problem as

minimize f(@)
subject to g(x) <0,

where g(z) = 3||h()||?. Note that

Vg(x) = Dh(z) " h(x).
Therefore, the KKT condition is:

>0
V(@) +p Dh(z*) h(z*) =
prllh(x)|| = 0.

Note that for a feasible point *, we have h(x*) = 0. Therefore, the KKT condition becomes

po= 0
Vix*) =
Note that Vg(x*) = 0. Therefore, any feasible point &* is not regular. Hence, the KKT theorem cannot

be applied in this case. This should be clear, since obviously V f(x*) = 0 is not necessary for optimality in
general.

22. Convex Optimization Problems

22.1
The given function is a quadratic, which we represent in the form

-1 —a 1
f=x" |—a -1 2|z
1 -2 -5

A quadratic function is concave if and only if it is negative-semidefinite. Equivalently, if and only if its
negative is positive-semidefinite. On the other hand, a symmetric matrix is positive semidefinite if and only
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if all its principal minors, not just the leading principal minors, are nonnegative. Thus we will determine
the range of the parameter a for which

1 a -1
—f=xz"|a 1 2=
-1 2 5

is positive-semidefinite. It is easy to see that the three first-order principal minors (diagonal elements of
F) are all positive. There are three second-order principal minors. Only one of them, the leading principal
minor, is a function of the parameter «,

det F(1:12,1: 12) = det [1 a] =1-ad%
a 1
The above second-order leading principal minor is nonnegative if and only if
a€[-1,1].
The other second-order principal minors are
det F'(1:13,1:13) and det F'(2:13,2: 13),

and they are positive. There is only one third-order principal minor, det F', where
~adet |© -1 ~det | -1

2 5 1 2
= l-aba+2)—(2a+1)
= 1-50°—2a—2a—1

= —5a? — 4a.

det F = det ll 2
2 5

The third-order principal minor is nonnegative if and only if, —a(5a + 4) > 0, that is, if and only if
a € [—4/5,0].

Combining this with @ € [—1,1] from above, we conclude that the function f is negative-semidefinite,
equivalently, the quadratic function f is concave, if and only if

a € [—4/5,0].

22.2
We have

6(a) = %(x +ad) Q@ + ad) — (z + ad)b

= %(dTQd)a2 +d" (Qx —b)a+ (;wTQaz + a:Tb> )

This is a quadratic function of a. Since @ > 0, then

d2
def(a) =d'Qd>0
and hence by Theorem 22.5, ¢ is strictly convex.
22.3
Write f(x) = = Qz, where
110 1
Q=3 [1 0]
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Let z,y € Q. Then, £ = [a;,ma;]T and y = [ag, maz]’ for some a;,az € R. By Proposition 22.1, it is
enough to show that (y —x) " Q(y — ) > 0. By substitution,

(y— =)' Qy — ) = m(az — a1)* > 0,
which completes the proof.

22.4
Let ¢,y € Q and o € (0,1). Then, h(x) = h(y) = c¢. By convexity of Q, h(ax + (1 — a)y) = c¢. Therefore,

hax + (1 — a)y) = ah(z) + (1 — a)h(y)
and so h is convex over ). We also have
—h(ax + (1 - a)y) = a(-h(z)) + (1 — a)(-h(y)),

which shows that —h is convex, and thus h is concave.

22.5
At z =0, for € € [-1,1], we have, for all y € R,

lyl > 0] +&(y — 0) = Ey.

Thus, in this case any £ in the interval [—1, 1] is a subgradient of f at x = 0.
At x =1, £ =1 is the only subgradient of f, because, for all y € R,

lyl >1+&y—1)=y.

22.6
Let ¢,y € Q and o € (0,1). For convenience, write f = max{fi,..., fr} = max; f;. We have

flaz + (1 - a)y)

max filax + (1 — @)y)

IN

max (afi(x) + (1 — o) fi(y)) by convexity of each f;

IN

amax file)+ (1 —a) max fily) by property of max
af(x)+(1—a)f(y)

which implies that f is convex.

22.7
=: This is true by definition.

«<: Let d € R" be given. We want to show that d' Qd > 0. Now, fix some vector & € . Since Q is
open, there exists a # 0 such that y = x — ad € ). By assumption,

0<(y—=)'Q(y—=z)=0a’d' Qd

which implies that d'Qd > 0.
22.8

Yes, the problem is a convex optimization problem.
1

First we show that the objective function f(x) = 5| Az — b||? is convex. We write

1
flx) = in(ATA):E — (b" A)x + constant

which is a quadratic function with Hessian AT A. Since the Hessian AT A is positive semidefinite, the
objective function f is convex.
Next we show that the constraint set is convex. Consider two feasible points « and y, and let A € (0, 1).
Then, « and y satisfy e '@ = 1,2 > 0 and e"y = 1,y > 0, respectively. We have
ez +(1-Ny)=Xde'z+(1-Ne'y=A+(1-\) =1
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Moreover, each component of Ax + (1 — A\)y is given by Az; + (1 — A)y;, which is nonnegative because every
term here is nonnegative. Hence, Az + (1 — \)y is a feasible point, which shows that the constraint set is
convex.

22.9
We need to show that {2 is a convex set, and f is a convex function on (2.

To show that  is a convex set, we need to show that for any y, z € Q and « € (0, 1), we have ay+(1—a)z €
Q. Let y,z € Q and a € (0,1). Thus, y1 = y2 > 0 and 21 = 25 > 0. Hence,

= 1— =
r=ay+(1—a)z oo+ (1 — )2

ayr + (1 — 04)21]

Now,
zr=ay1 + (1 —a)z1 = ays + (1 — a)zp = 2o,
and since a,1 — a > 0,
T Z 0.

Hence, « € 2 and therefore 2 is convex.

To show that f is convex on 2, we need to show that for any y,z € Q and « € [0,1], f(ay+ (1 —a)z) <
af(y)+(1—a)f(z). Let y,z € Q and « € [0,1]. Thus, 413 = y2 > 0 and 27 = 23 > 0, so that f(y) = y$ and
f(z) =23, Also, a® < a and (1 —a)® < (1 — a). We have

flay+(1-a)z) = (ayi+(1-a)z)’
= Ay + (1 - )2} + 302231 — a)yr + 3oz (1 — a)?y?
< ayd +(1—a)2d +max(yr, z1)(@® —a+ (1—a)® = (1 —a)
+3a%(1 — a) + 3a(1 — a)?)
ayi + (1 - a)z
= af(y)+(1-a)f(z)

Hence, f is convex.

22.10
Since the problem is a convex optimization problem, we know for sure that any point of the form ay+(1—a)z,
a € (0,1), is a global minimizer. However, any other point may or may not be a minimizer. Hence, the
largest set of points G C () for which we can be sure that every point in G is a global minimizer, is given by

G={ay+(1—-a)z:0<a<1}.

22.11
a. Let f be the objective function and € the constraint set. Consider the set I' = {x € Q : f(x) < 1}.
This set contains all three of the given points. Moreover, by Lemma 22.1, T' is convex. Now, if we take the
average of the first two points (which is a convex combination of them), the resulting point (1/2)[1,0,0]" +
(1/2)[0,1,0]T = (1/2)[1,1,0]T is in T, because I' is convex. Similarly, the point (2/3)(1/2)[1,1,0]T +
(1/3)[0,0,1]7 = (1/3)[1,1,1]7 is also in T, because I is convex. Hence, the objective function value of
(1/3)[1,1,1]T must be < 1.

b. If the three points are all global minimizers, then the point (1/3)[1,1,1] T, which must cannot have higher
objective function value than the given three points (by part a), must also be a global minimizer.

22.12
a. The Lagrange condition for the problem is given by:

z'Q+2"TA = 0
Ax = b
From the first equation above, we obtain
z=Q 'ATA.
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Applying the second equation (constraint on x), we have
(AQ'AT) A =0b.

Since rank A = m, the matrix AQflAT is invertible. Therefore, the only solution to the Lagrange condition
is

r=Q 'AT(AQ'AT) 'b.

b. The point in part a above is a global minimizer because the problem is a convex optimization problem (by
problem 1, the constraint set is convex; the objective function is convex because its Hessian, Q, is positive
definite).

22.13
By Theorem 22.4, for all € Q, we have

f(@) = f(®) + Df(x")(x — z7).

Substituting D f(x*) from the equation D f(x*) + Ejej(m*) u;a; = 0" into the above inequality yields

fl@) > fx)— > paf(x—a7).

JEJI(x*)

Observe that for each j € J(x*),
a;-ra:* +b; =0,
and for each x € Q,
ajx+b; >0.
Hence, for each j € J(x*),
a;-r (x—2%) > 0.
Since pj <0, we get
f@) > fl@)— Y waf(@—a) > f(z*)
jed(z*)
and the proof is completed.
22.14
a. Let Q={x cR":a'x > b}, 1,22 € Q, and X\ € [0,1]. Then, a'x; > b and a x5 > b. Therefore,

a'Ax;+(1-Nxz) = da'z;+(1-Na'x
> b+ (1—A)b
= b

which means that Ax; + (1 — N)xo € Q. Hence, 2 is a convex set.
b. Rewrite the problem as

minimize f(x)

subject to g(x) <0
where f(z) = ||z||? and g(z) = b— a'x. Now, Vg(x) = —a # 0. Therefore, any feasible point is regular.
By the Karush-Kuhn-Tucker theorem, there exists pu* > 0 such that

2" — u*a

pb—a'z*) = 0.
Since x* is a feasible point, then &* # 0. Therefore, by the first equation, we see that p* # 0. The second
equation then implies that b — aTa* = 0.
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c. By the first Karush-Kuhn-Tucker equation, we have =* = p*a/2. Since a'x* = b, then p*a'a/2 =
a'x* = b, and therefore u* = 2b/||al|?. Since £* = p*a/2 then x* is uniquely given by =* = ba/||a|?.
22.15
a. Let f(x) = c'x and Q = {x : x > 0}. Suppose =,y € Q, and o € (0,1). Then, =,y > 0. Hence,
azx + (1 — a)y > 0, which means ax + (1 — a)y € Q. Furthermore,

c'(ax+(1—a)y)=ac'z+(1—a)c'y.
Therefore, f is convex. Hence, the problem is a convex programming problem.

b. =: We use contraposition. Suppose ¢; < 0 for some i. Let d = [0,...,1,...,0], where 1 appears in the
ith component. Clearly d is a feasible direction for any point «* > 0. However, d' V f(x*) = d'c=c¢ <0.
Therefore, the FONC does not hold, and any point * > 0 cannot be a minimizer.

<: Suppose ¢ > 0. Let * = 0, and d a feasible direction at *. Then, d > 0. Hence, dTVf(m*) > 0.
Therefore, by Theorem 22.7, * is a solution.

The above also proves that if a solution exists, then 0 is a solution.

c. Write g(x) = —a so that the constraint can be expressed as g(x) < 0.

=: We have Dg(x) = —I, which has full rank. Therefore, any point is regular. Suppose a solution x*
exists. Then, by the KKT theorem, there exists pu* > 0 such that ¢” — p*T = 0" and p*"x* = 0. Hence,
c=pu">0.

<: Suppose ¢ > 0. Let * = 0 and p* = ¢. Then, p* > 0, ¢’ —p*T =07, and p*"x* = 0, i.e., the

KKT condition is satisfied. By part a, * is a solution to the problem.
The above also proves that if a solution exists, then 0 is a solution.

22.16
a. The standard form problem is

minimize c'z
subject to Ax=b
x >0,
which can be written as
minimize f(x)
subject to h(z) =0,
g(z) <0,

where f(xz) = c'z, h(x) = Az — b, and g(x) = —z. Thus, we have Df(z) = ¢', Dh(z) = A, and
Dg(x) = —I. The Karush-Kuhn-Tucker conditions for the above problem has the form:

pt= 0
N*Tw* = 0.

b. The Karush-Kuhn-Tucker conditions are sufficient for optimality in this case because the problem is a
convex optimization problem, i.e., the objective function is a convex function, and the feasible set is a convex
set.

c. The dual problem is

maximize X' b
subject to ATA < c'.

c. Let
pw=c —XTA.
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Since A* is feasible for the dual, we have pu* > 0. Rewriting the above equation, we get
¢ =X TA—p =o.

The Complementary Slackness condition (¢' — )\*TA):I}* = 0 can be written as p*Ta* = 0. Therefore, the
Karush-Kuhn-Tucker conditions hold. By part b, * is optimal.

22.17
a. We can treat s() and s as vectors in R”. We have

Se={s:s= 218 + 298 11,20 €R, s > a,i= 1...,n}.
Let @ =[a,...,a]". The optimization problem is:
minimize %(x% + 22)
subject to mls(l) + 1'28(2) > a.

b. The KKT conditions are:

21— T s

POOOO

zo— pu's®
p' (x5 + 295 —a) =

n
2)

IV 1V

mls(l) + .1323(

c. Yes, because the Hessian of the Lagrangian is I (identity), which is positive definite.
d. Yes, this is a convex optimization problem. The objective function is quadratic, with identity Hessian
(hence positive definite). The constraint set is of the form Ax > a, and hence is a linear variety.

22.18
a. We first show that the set of probability vectors

Q={qgeR": g1+ +q.=1,¢>0,i=1,....n}

is a convex set. Let y,z€ Qsoy1+--+yn=1,4,>0,21+---+2, =1, and z > 0. Let @ € (0,1) and
x=ay+ (1 —a)z. We have

it trn = appt+(1-a)unt o tayn+(1-a)z
= alyr )+ (L= a)(E e z)
= a+(l—a)
1.

Also, because y; >0, z; > 0, « > 0, and 1 — «a > 0, we conclude that z; > 0. Thus, € 2, which shows that
() is convex.

b. We next show that the function f is a convex function on €. For this, we compute

p1
a7 0
F(g)=|: S

which shows that F(q) > 0 for all ¢ in the open set {q:¢; >0, i =1,...,n}, which contains Q. Therefore,
f is convex on ().
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c. Fix a probability vector p. Consider the optimization problem

minimize  p; log (il) + -+ pplog <§n>
1

n

subject to 4tz =1

z; >0,t=1,...,n

By parts a and b, the problem is a convex optimization problem. We ignore the constraint z; > 0 and write
down the Lagrange conditions for the equality-constraint problem:

2N = 0,i=1,...,n
x4+, = L

Rewrite the first set of equations as zf = p;/A*. Combining this with the constraint and the fact that
p1+ -+ +pp =1, we obtain \* = 1, which means that 7 = p;. Therefore, the unique global minimizer is
x* =p.

Note that f(x*) = 0. Hence, we conclude that f(x) > 0 for all € Q. Moreover, f(z) = 0 if and only if
x* = 0. This proves the required result.

d. Given two probability vectors p and g, the number

P p
D(p,q) = p1log () + -+ pnlog (”)
q1 qn
is called the relative entropy (or Kullback-Liebler divergence) between p and g. It is used in information
theory to measure the “distance” between two probability vectors. The result of part c justifies the use of
D as a measure of “distance” (although D is not a metric because it is not symmetric).

22.19
We claim that a solution exists, and that it is unique. To prove the first claim, choose € > 0 such that there
exists & € Q satisfying ||z — z|| < . Consider the modified problem

minimize |z — z||
subject to  x € Qﬂ{y Ny —z|| < e}
If this modified problem has a solution, then clearly so does the original problem. The objective function here
is continuous, and the constraint set is closed and bounded. Hence, by Weierstrass’s Theorem, a solution to
the problem exists.

Let f be the objective function. Next, we show that f is convex (and hence the problem is a convex
optimization problem). Let x,y € Q and « € (0,1). Then,

flar+ (1 -a)y) = |az+(1-a)y -z

= lle(z—2)+ (1 -a)(y—2)|
alle — z[| + (1 - a)lly — 2|
= af(®)+ (1 -a)f(y),

IN

which shows that f is convex.
To prove uniqueness, let &1 and x5 be solutions to the problem. Then, by convexity, €3 = (€1 + 2)/2 is
also a solution. But

s — 2 :

r1—2z XTo—2
2 2

T+ X9 —ZH

IN

1
SUllzy =2 + [z — 2[))
= lzs — =],
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from which we conclude that the triangle inequality above holds with equality, implying that ©; — z =

a(xe — z) for some o > 0. Because ||x1 — z|| = ||x2 — z|| = af|x1 — z||, we have @ = 1. From this, we obtain
x1 = o, which proves uniqueness.
22.20

a. Let A € R"" and B € R™* be symmetric and A > 0, B > 0. Fix a € (0,1), € R", and let
C =aA+ (1 —«a)B. Then,

x' Cx x'[aA+ (1-a)Blx
ax' Az + (1 — o)z Bz,

Since x" Az > 0, ' Bx > 0, and «, (1 — a) > 0 by assumption, then & Cz > 0, which proves the required
result.

b. We first show that the constraint set Q@ = {x : Fo + 2?21 xzjF; > 0} is convex. So, let x,y € Q and
a € (0,1). Let z =ax + (1 — a)y. Then,

FO+ZZij = FQ‘FZ[O[(Ej‘F(].*CM)yj}Fj
7j=1 j=1

Jj=1 Jj=1
= a[FO—i—ijFj]+(1—a)[F0+Zy]FJ]
j=1 Jj=1

By assumption, we have

Y
o

n
F0+Z$ij
Jj=1

Y
o

n
F0+Zijj
j=1

By part c, we conclude that
n
FO + Z Zj Fj > 0,
j=1
which implies that z € (.

To show that the objective function f(x) =c'

x is convex on §, let @,y € Q and « € (0,1). Then,

flax+ (1 —a)y) = cT(oza: +(1-a)y)
ac'z+(1-a)c'y

= af(@)+ (1 -a)f(y)

which shows that f is convex.

c. The objective function is already in the required form. To rewrite the constraint, let a; ; be the (i, j)th
entry of A,i=1,...,m, j=1,...,n. Then, the constraint Ax > b can be written as

ai71x1+ai’2x2+~-~+ai,nacn sz, i:1,...,m

Now form the diagonal matrices

FO diag{—bl,...,—bm}
F; = diag{ai;,...,am;}, ji=1,...,n.
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Note that a diagonal matrix is positive semidefinite if and only if every diagonal element is nonnegative.
Hence, the constraint Az > b can be written as Fy + Z?:l z;F; > 0. The left hand side is a diagonal
matrix, and the ith diagonal element is simply —b; + a; 121 + @222 + -+ - + Qi nTh.

22.21
a. We have

Q={x:x1+... 42, =1; x1,...,2, >0; &3 >2x;, i =2,...,n}.

So let ¢,y € Q and o € (0,1). Consider z = ax + (1 — )y. We have

21+ +z, = ani+ (1 -y +--+ax, + (1 —a)y,
= a(z ot an) + (=)t )
= a+l-a

1.

Moreover, for each i, because x; > 0, y; > 0, a > 0 and 1 — a > 0, we have z; > 0. Finally, for each ¢,
z1 =axy + (1 — a)yr > a2z, + (1 — «)2y; = 2z;.

Hence, z € 2, which implies that €2 is convex.

b. We first show that the negative of the objective function is convex. For this, we will compute its Hessian,
which turns out to be a diagonal matrix with ith diagonal entry 1/2?, which is strictly positive. Hence, the
Hessian is positive definite, which implies that the negative of the objective function is convex.

Combining the above with part a, we conclude that the problem is a convex optimization problem. Hence,
the FONC (for set constraints) is necessary and sufficient. Let & be a given allocation. The FONC at «
is d' Vf(x) > 0 for all feasible directions d at . But because Q is convex, the FONC can be written as
(y—x) ' Vf(z) >0 for all y € Q. Computing Vf(z) for f(z) = — > log(x;), we get the proportional
fairness condition.

22.22
a. We rewrite the problem into a minimization problem by multiplying the objective function by —1. Thus,
the new objective function is the sum of the functions —U;. Because each U; is concave, —U; is convex, and
hence their sum is convex.

To show that the constraint set Q = {x : e'x < C} (where e = [1,...,1]T) is convex, let 1,2 € Q, and
A €[0,1]. Then, e"z; < C and e’z < C. Therefore,

e'Dx +(1-Nxz2) = de'z+(1—Ne'x
< ACH+(1-N)C
= C

which means that Ax; + (1 — N\)xo € Q. Hence, 2 is a convex set.

b. Because the problem is a convex optimization problem, the following KKT condition is necessary and
sufficient for * to be a global minimizers:

pto= 0
~Ul(z})+pu* = 0, i=1,....,n

i
i=1
i x; < C.
i=1

Note that because —U;(x;) + p*z; is a convex function of z;, the second line above can be written as
xf = arg max,, (U;(z) — p*x).

|
=
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c. Because each U; is concave and increasing, we conclude that > ; 7 = C; for otherwise we could increase
some z} and hence U;(z}) and also >, U;(x}), contradicting the optimality of =*.
22.23
First note that the optimization problem that you construct cannot be a convex problem (for otherwise, the
FONC implies that «* is a global minimizer, which then implies that the SONC holds). Let f(x) = xo,
g(x) = —(z2 + 22), and z* = 0. Then, Vf(z*) = [0,1]7. Any feasible direction d at x* is of the form
d = [dy,d)" with dy > 0. Hence, dTVf(:c*) > 0, which shows that the FONC holds.

Because Vg(z*) = —[0, 1] (so «* is regular), we see that if u* = 1, then Vf(z*) + p*Vg(z*) = 0, and so
the KKT condition holds.

Because F'(z*) = O, the SONC for set constraint 2 holds. However,

-2 0
| <o

L™ p)=0+p"| =

and T'(z*) = {y : y2 = 0}, which shows that the SONC for inequality constraint g(z) < 0 does not hold.

22.24
a. Let @y and p, be feasible points in the primal and dual, respectively. Then, g(zo) < 0 and py > 0, and
so pg g(xo) < 0. Hence,

flxo) = f(mo) + pg g(o)
= l(woyﬂo)
> min Iz, po)
= q(p)-

b. Suppose f(x¢) = q(p,) for feasible points xy and p,. Let @ be any feasible point in the primal. Then,
by part a, f(x) > q(pg) = f(xo). Hence x is optimal in the primal.

Similarly, let u be any feasible point in the dual. Then, by part a, ¢(p) < f(xo) = q(p). Hence py is
optimal in the dual.

c. Let * be optimal in the primal. Then, by the KKT Theorem, there exists u* € R™ such that

Vol(@*, p*) = (Df(z*) + w* " Dg(z*))" = 0
plgx) = 0
u* > 0.

Therefore, p* is feasible in the dual. Further, we note that (-, u*) is a convex function (because f is convex,
pu* T g is convex being the sum of convex functions, and hence [ is the sum of two convex functions). Hence,
we have [(x*, u*) = mingegn {(x, p*). Therefore,

¢(w) = minl(z,p’)
= l(z",p)
= fl@")+p" gz
= fl@).
By part b, p* is optimal in the dual.
22.25
a. The Schur complement of M (1,1) is
Ay = M(2:13,2:13) — M(2:3,1)M(1,1)" ' M(1,2: !3)
1 2 ol
B lz 5] - l—J v
1= 244
B 247 4
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b. The Schur complement of M (2:13,2: 13) is

Agy = M(1,1)— M(1,2:13)M(2:13,2:3) ' M(2: 13,1)

-l )

= —y(by+4).

22.26
Let

and let
1
P, - 0 Py 0 1
0 0 1 0

Then, we can represent the Lyapunov inequality AT P + PA < 0 as

, and PS:[O O].
0 1

ATP+PA = 1, (ATP1 n PlA) + 2 (ATP2 n P2A)

tas (ATP3 T P3A>
= —x1F| —2Fy —23F;
< 0,
where
F,=—A"P,—P,A, i=1,23.

Equivalently,
P=P" and ATP+PA<0

if and only if
F(a:) =x1F1 +29F9 4+ x3F3 > 0.

22.27
The quadratic inequality

A'"P+PA+PBR 'B'P<0
can be equivalently represented by the following LMI:

[—Rr B'P

0
PB A'P+pA| ="

or as the following LMI: ) i
A'"P+PA PB
B'P -R

< 0.

It is easy to verify, using Schur complements, that the above two LMIs are equivalent to the following
quadratic inequality:
A'"P+PA+PBR 'B'P O

0.
0 “R| =
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22.28

The MATLAB code is as follows:

A =[-0.9501 -0.4860 -0.4565
-0.2311 -0.8913 -0.0185
-0.6068 -0.7621 -0.8214];

setlmis([]1);

P=1mivar(1,[3 1]);

Imiterm([1 1 1 P],1,A,’s?)

Imiterm([2 1 1 0],0.1)

Imiterm([-2 1 1 P],1,1)

Imiterm([3 1 1 P],1,1)

Imiterm([-3 1 1 0],1)

Imis=getlmis;

[tmin,xfeas]=feasp(lmis);

P=dec2mat (1lmis,xfeas,P)

23. Algorithms for Constrained Optimization
23.1

a. By drawing a simple picture, it is easy to see that II[x] = x/||x||, provided & # 0.
b. By inspection, we see that the solutions are [0,1]T and [0, —1]T. (Or use Rayleigh’s inequality.)

c. Now,
* ) = 1[z®) + oV (™)) = Bi(@® + aQa™)) = B (I + aQ)z™,

where B, = 1/||(I + aQ)x®||. For the particular given form of @, we have

A= (14 gl
xékJrl) = Br(1+ 204)3:&“.
Hence,
1+
(k+1) _ (k)
Y <1+2a>y '

d. Assuming méo) £ 0, 49 is well defined. Hence, by part ¢, we can write

k
y® = (e o
1+ 2«

1+«
14 2«

Because o > 0,

which implies that y*) — 0. But

k
= @mP<@PP+1
(2572
= 1) + 1



which implies that
1

Because y*) — 0, we have |xék)| — 1. By the expression for $ék+1)
not change with k. Hence, we deduce that either xgk) — 1or a:ék) — —1. This also implies that xgk) — 0.

Hence, ®) converges to a solution to the problem.

)| =

in part ¢, we see that the sign of xék) does

e. If xéo) =0, then x(Qk) = 0 for all k, which means that :vgk) =1 or —1 for all k. In this case, the algorithm
is stuck at the initial condition [1,0]T or [~1,0]T (which are in fact the minimizers).

23.2
a. Yes. To show: Suppose that () is a global minimizer of the given problem. Then, for all € €,
T # w(k), we have ¢z > ¢z, Rewriting, we obtain cT(:r, — x(k)) > 0. Recall that

[z® - Vf@@®) = arg min lz — (@*) — v (™))
= argmin|jz —z® + ¢|?.
xze
But, for any € Q, & # z®,
lz -2 e = [z—2z®| + e]? + 2T (z - 2V)
> el

where we used the facts that || —2®|> > 0 and ¢' (z — ) > 0. On the other hand, ||x®) —2®) +¢|? =
llc||?. Hence,
(1) — H[a:(k) _ Vf(a:(k))] — R

b. No. Counterexample:

23.3
a. Suppose ¥ satisfies the FONC. Then, Vf(a:(k)) = 0. Hence, 2**tD = () Conversely, suppose z¥)
does not satisfy the FONC. Then, V f(z*)) # 0. Hence, ay, > 0, and so xF+1) £ g(*),

b. Case (i): Suppose ¥ is a corner point. Without loss of generality, take 2(*) = [1,1]T. (We can do this
because any other corner point can be mapped to this point by changing variables z; to —z; as appropriate.)
Note that any feasible direction d at x*) = [1,1]T satisfies d < 0. Therefore,
e* D) — 0 o _viEE®)>0
& d'Vfx®) >0 for all feasible d at x*)
< x® satisfies FONC.

Case (ii): Suppose *) is not a corner point (i.e., is an edge point). Without loss of generality, take
x®) e {x:z1 =1,-1 < x5 < 1}. (We can do this because any other edge point can be mapped to this
point by changing variables x; to —x; as appropriate.) Note that any feasible direction d at x®) ¢ {x:21 =
1,—1 < @9 < 1} satisfies d; < 0. Therefore,

gD = 20 o T f(x®) =[q,0]", a >0
& d'Vf@®) >0 for all feasible d at x(*)
& x® satisfies FONC,
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23.4
By definition of IT, we have

Ixo+y] = argminl|z— (x¢+y)|
zeN

= argmin||(x — xo) — y|-
xzeN

By Exercise 6.7, we can write

argmin ||(x — xg) — y|| = xo + argmin ||z — y||.
zeQ zeEN(A)

The term argmin x4y ||z — yl| is simply the orthogonal projection of y onto NV'(A). By Exercise 6.7, we
have

argmin ||z — y|| = Py,
zEN(A)

where P=1T— A" (AAT)"'A. Hence,
H[CBO +y] = X9 +Py

23.5
Since ay, > 0 is a minimizer of ¢p(a) = f(z*) — aPg*)), we apply the FONC to ¢i(a) to obtain

$r(@) = () —aPg")TQ(—Pg™) —b" (~Pg").
Therefore, ¢ (o) = 0 if ag®TPQPg® = (x®TQ —b")Pg*). But

m(k)—r(? _ bT _ g(k)T.

Hence
o g T pgk)
T gmTPQPgR”
23.6
By Exercise 23.5, the projected steepest descent algorithm applied to this problem takes the form
2R = 2R _ ppk)
= (I,—P)x®

AT(AATY T Az®),
If 20 € {x : Az = b}, then Az(®) = b, and hence
M =AT(AAT) b

which solves the problem (see Section 12.3).

23.7
a. Define

ok(a) = f@) — aPVf(™))
By the Chain Rule,

d
Glow) = ()

= ~ (Vi@ - aPVf(™)) TPV f(®)
= —(Vf(@@*) TPV (™).
Since aj minimizes ¢, ¢} (ax) = 0, and thus gFtOT Pgk) = 0,
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b. We have 2*t1) — () = —q; Pg(¥) and x*+2) — 2(-+1) = _q; | Pg(*+D | Therefore,

(:B(k+2) _ w(k-‘,—l))T(w(k-i-l) _ w(k)) = apang* VT PT pgk)
— ak+1akg(k+1)Tpg(k)
0

by part a, and the fact that P = P = P2,

23.8
a. minimize f(x) + vP(x).

b. Suppose 7 ¢ Q. Then, P(x?) > 0 by definition of P. Because & is a global minimizer of the
unconstrained problem, we have

f@)+~vP(xY) < f(z*)+~yP(z")
= f(z"),

which implies that
f@?) < f(x¥) —vP(x”) < fz").

23.9
We use the penalty method. First, we construct the unconstrained objective function with penalty parameter

v

f(®) = o} + 225 + (21 + 22 - 3)%.

Because f is a quadratic with positive definite quadratic term, it is easy to find its minimizer:

S 1 2
T 4+2/(3y) (1]
For example, we can obtain the above by solving the FONC:

2(1 4 )z + 2yxs — 6y
2’}/11:1 + 2(2 + ’Y)(EQ — 6’}/ =

o= H

(It is easy to verify, using other means, that this is indeed the correct solution.)

23.10
Using the penalty method, we construct the unconstrained problem

Now letting v — oo, we obtain

minimize z + y(max(a — z,0))?

To find the solution to the above problem, we use the FONC. It is easy to see that the solution z* satisfies
xz* < a. The derivative of the above objective function in the region = < a is 1 + 2y(xz — a). Thus, by the
FONC, we have 2* = a — 1/(27). Since the true solution is at a, the difference is 1/(2v). Therefore, for
1/(27y) <e, we need v > 1/(2¢). The smallest such -~ is 1/(2¢).

23.11
a. We have

142y 27
27 142y

2y
2y

1 1
Sl +Az - b)? = ST T
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The above is a quadratic with positive definite Hessian. Therefore, the minimizer is

[z

142y 2y
2y 1+ 2y

8
|

1 1
241/2y |1
Hence,

. . 11
im xZ = = .
y—oo T 2|1

The solution to the original constrained problem is (see Section 12.3)

2 — AT(AAT) b= 1 H .
211

b. We represent the objective function of the associated unconstrained problem as
1 1
sll2l? +7l Az — bl = ST (In + 27ATA> -z’ (27ATb) + b7 b,

The above is a quadratic with positive definite Hessian. Therefore, the minimizer is

8
|

(In + 27ATA)_1 (27ATb>
= (217171 + ATA> - ATb.

Let A=UI[S O] V' T be the singular value decomposition of A. For simplicity, denote ¢ = 1 /27. We have

-1
v, = (cI,+ATA) ATb
S —1
— <51n+v o] U'ul[s O]VT> ATb
s2 o -
= I,+V v’ A'b
(s + O O >
1,+82 o ]
_ v 5’”0+ . ] VvTA .
E n—m
Note that
S
ViAT = U'.
[0)
Also,
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where (eI,, + S§%)~! is diagonal. Hence,

-1
2, = (I.+ATA) ATp
(eI, +8*)' O sl .
o T m| |O
=V g (eI, +8*)'U"
-S T 2\—1y7T
= V| |UTUGEL, + 87U

= AUl + 87U,
Note that as v — oo, € — 0, and
Ulel,, + 8 'UT - U(S*)'U".

But,
-1
UGS U = (US2UT) — (AAT)L.

Therefore,
x: — AT (AAT) b =a".

24. Multi-Objective Optimization
24.1

The MATLAB code is as follows:

function multi_op
#MULTI_OP, illustrates multi-objective optimization.

clear

clc

disp C ”)

disp (°This is a demo illustrating multi-objective optimization.’)
disp (’The numerical example is a modification of the example’)
disp (’from the 2002 book by A. Osyczka,’)

disp (’Example 5.1 on pages 101--105’)

diSp (’ ————— - - —_ _))
disp (’Select the population size denoted POPSIZE, for example, 50.7)
disp (’ ”)

POPSIZE=input (’Population size POPSIZE = ’);

disp (Pmm——mmmm ”)

disp (’Select the number of iterations denoted NUMITER; e.g., 10.7)
disp (’ ”)

NUMITER=input (’Number of iterations NUMITER = ’);

disp (’ )

disp (°-——-- -—= -—= -—= -7)
% Main

for i = 1:NUMITER
fprintf (’Working on Iteration %.0f...\n’,i)
xmat = genxmat (POPSIZE);
if i7=1
for j = 1:length(xR)
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xmat = [xmat;xR{j}];
end
end
[xR,fR] = Select_P(xmat);

fprintf (’Number of Pareto solutions: %.0f\n’,length(fR))

end
disp (’ )

fprintf(’ Pareto solutions \n’)
celldisp(xR)
disp (’ )

fprintf(’ Objective vector values \n’)
celldisp(fR)
xlabel(’f_1’,’Fontsize’,16)
ylabel(’f_2’,’Fontsize’,16)
title(’Pareto optimal front’,’Fontsize’,16)
set(gca,’Fontsize’,16)
grid
for i=1:length(xR)
xx(i)=xR{i} (1);
yy(1)=xR{i}(2);
end
XX=[xx; yyl;
figure
axis([1 7 5 10])
hold on
for i=1:size(XX,2)
plot (XX (1,1i),XX(2,1i),’marker’,’o’, ’markersize’,6)
end
xlabel(’x_1’,’Fontsize’,16)
ylabel(’x_2’,’Fontsize’,16)
title(’Pareto optimal solutions’,’Fontsize’,16)
set(gca, ’Fontsize’,16)
grid
hold off
figure
axis([-2 10 2 13])
hold on
plot([2 6]1,[5 5], ’marker’,’o’, ’markersize’,6)
plot([6 61,[5 9], ’marker’,’o’, ’markersize’,6)
plot([2 6],[9 9], ’marker’,’o’, ’markersize’,6)
plot([2 2]1,[5 9], ’marker’,’o’, ’markersize’,6)
for i=1:size(XX,2)
plot(XX(1,1),XX(2,1), ’marker’,’x’, ’markersize’,10)
end
x1=-2:.2:10;
x2=2:.2:13;
[X1, X2]=meshgrid(x1,x2);
Z1=-X1."2 - X2;
v=[0 -5 -7 -10 -15 -20 -30 -40 -60];
csl=contour(X1,X2,Z1,v);
clabel(csl)
72=X1+X2."2;
v2=[20 25 35 40 60 80 100 120];
cs2=contour (X1,X2,7Z2,v2);
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clabel(cs2)

xlabel(’x_1’,’Fontsize’,16)
ylabel(’x_2’,’Fontsize’,16)

title(’Level sets of f_1 and f_2, and Pareto optimal
points’,’Fontsize’,16)

set(gca,’Fontsize’,16)

grid

hold off

function xmatO = genxmat (POPSIZE)
xmat0 = rand(POPSIZE,2);
xmat0(:,1) = xmat0(:,1)*4+2;
xmat0(:,2) = xmatO0(:,2)*4+5;

function [xR,fR] = Select_P(xmat)

% Declaration
J = size(xmat,1);

% Init
Rset = [1];
i=y
isstep7 = 0;

% Step 1
x{1} = xmat(1,:);
£f{1} = evalfcen(x{1});

% Step 2
while j < J
j= 3+

% Step 3

r =1;

rdel = [];

q = 0;

R = length(Rset);

for k = 1:size(xmat,1)
x{k} = xmat(k,:);
f{k} = evalfcn(x{k});
end

% Step 4
while 1
Y%for r=1:R
if all(f{j}<f{Rset(xr)})
q = g+1;
rdel = [rdel r];

else

% Step 5
if all(f{j}>=f{Rset(r)})
break
end
end

% Step 6
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r=r+1;
if r >R
isstep7 = 1;
break
end
end

% Step 7
if isstep7 ==
isstep? = 0;
if (q7=0)
Rset(rdel) =[];
Rset = [Rset jl;
else

%Step 8
Rset = [Rset jl;
end
end

for k = 1:size(xmat,1)
x{k} = xmat(k,:);
f{k} = evalfcn(x{k});
end

R = length(Rset);
end

% Return the Pareto solution.
for i = 1:length(Rset)

xR{i} = x{Rset(i)};

fR{i} = f{Rset(i)};

end

x1 = [1;
yl = [1;
x2 = [1;
y2 = [1;

for k = 1:size(xmat,1)
if ismember(k,Rset)

x1 = [x1 £{k}(1)];
y1 = [yl £{k}()1;
else
x2 = [x2 £{k}(1)];
y2 = [y2 £{k}(2)1;
end
end
fnewplot
plot(xl,y1l,’xr’,x2,y2,’.b’)
drawnow

function y = £1(x)

%y = x(1)"2+x(2);

% The above function is the original function in the Osyczka’s 2002
% book,

% (Example 5.1, page 101).

% Its negative makes a much more interesting example.
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y = -(x(1)"2+x(2));

function y = £2(x)
y = x(1)+x(2)"2;

function y = evalfcn(x)

y(1) = f1(x);
y(2) = £f2(x);
24.2

a. We proceed using contraposition. Assume that «* is not Pareto optimal. Therefore, there exists a point
& € ) such that
filx) < fi(x*) forall i=1,2

g Ly ooy

14

and for some j, f;(&) < f;(x*). Since ¢ > 0,
c' f(a*) > f(#),

which implies that &* is not a global minimizer for the weighted-sum problem.

For the converse, consider the following counterexample: Q = {z € R? : ||z|| > 1,z > 0} and f(z) =
[x1,22]". Tt is easy to see that the Pareto front is {« : ||z|| = 1, > 0} (i.e., the part of the unit circle in the
nonnegative quadrant). So * = (1/v/2)[1,1]" is a Pareto minimizer. However, there is no ¢ > 0 such that
x* is a global minimizer of the weighted-sum problem. To see this, fix ¢ > 0 (assuming ¢; < ¢y without loss
of generality) and consider the objective function value f(x*) = (c; +c2)/v/2 for the weighted-sum problem.
Now, the point x¢ = [1,0] is also a feasible point. Moreover f(xo) = c; < (1 +¢2)/2 < f(x*). So z* is
not a global minimizer of the weighted-sum problem.

b. We proceed using contraposition. Assume that * is not Pareto optimal. Therefore, there exists a point
& € Q such that
fi(@) < fi(x®) forall i=1,2,....¢

and for some j, f;(&) < f;(x*). By assumption, for all i =1,...,¢, fi(*) > 0, which implies that

14 14

Y (fil@)P > (@)

=1 i=1

(because p > 0). Hence, x* is not a global minimizer for the minimum-norm problem.

For the converse, consider the following counterexample: Q = {z € R? : x; + 225 > 2,2 > 0} and
Ff(x) = [11,22] 7. It is easy to see that the Pareto front is {x : 2y + 2x3 = 2,2 > 0}. So =* = [1,1/2]T is
a Pareto minimizer. However, there is no p > 0 such that x* is a global minimizer of the minimum-norm
problem. To see this, fix p > 0 and consider the objective function value f(z*) = 14 (1/2)? for the minimum-
norm problem. Now, the point g = [0,1] " is also a feasible point. Moreover f(zo) =1 < 1+(1/2)? = f(x*).
So * is not a global minimizer of the minimum-norm problem.

c. For the first part, consider the following counterexample: Q = {x € R? : 21 + 25 > 2,z > 0} and
f(x) = [r1,22] . The Pareto front is {x : z; + 7o = 2, > 0}, and =* = [1/2,3/4]" is a Pareto minimizer.
But

f(x") = max{fi(x"), fa(x")}

max{1/2,3/4}
= 3/4.

However, o = [1,1]T is also a feasible point, and f(x¢) = 1 < f(x*). Hence, z* is not a global minimizer
of the minimax problem.

For the second part, suppose @ = {x € R? : z; < 2} and f(x) = [21,2]". Then, for any = € ,
max{fi(z), fa(x)} = 2. So any x* € R? is a global minimizer of the minimax (single-objective) problem.
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However, consider another point & such that &; < x3. Then, fi1(Z) < fi(x*) and fo(&) = fa(x*). Hence,
x* is not a Pareto minimizer.

In fact, in the above example, no Pareto minimizer exists. However, if we set Q = {x € R?: 1 < x; < 2},
then the counterexample is still valid, but in this case any point of the form [1,25]T is a Pareto minimizer.

24.3
Let

fla)=c"" f(z)

where € Q = {x : h(z) = 0}. The function f is convex because all the functions f; are convex and
c¢f>0,1=1,2,...,f. We can represent the given first-order condition in the following form: for any feasible
direction d at x*, we have

d'Vf(z*) >0.

By Theorem 22.7, the point * is a global minimizer of f over . Therefore,
f(@*) < f(x) forall xe Q.

That is,
¢ ¢
Zcffi(w*) < Zcffl(:c) for all = € Q.
i=1 i=1

To finish the proof, we now assume that * is not Pareto optimal and the above condition holds. We then
proceed using the proof by contradiction. Because, by assumption, * is not Pareto optimal, there exists a
point & € Q such that

fl(ﬁ)) < fl(ili*) for all 7= 1,2, “ee ,f

and for some j, f;(&) < f;(x*). Since for all i =1,2,...,¢, ¢! > 0, we must have

4 V4
S cfila) > Y i fil#),
=1 =1

which contradicts the above condition, Zle el fi(x*) < Zle et fi(x) for all @ € Q. This completes the
proof. (See also Exercise 24.2, part a.)

24.4
Let

fla)=c""f(z)

where @ € Q = {x : h(z) = 0}. The function f is convex because all the functions f; are convex and ¢f > 0,
i=1,2,...,£. We can represent the given Lagrange condition in the form

Df(xz*)+ A" " Dg(z*)=0"
h(z*) =0.

By Theorem 22.8, the point * is a global minimizer of f over . Therefore,
f(@*) < f(x) forall x € Q.

That is,
4

¢
doeifi@) <Y e filx) forallw e Q.
i=1 i=1
To finish the proof, we now assume that «* is not Pareto optimal and the above condition holds. We then
proceed using the proof by contradiction. Because, by assumption, «* is not Pareto optimal, there exists a
point & €  such that
fi(@) < fi(x®) forall i=1,2,....¢
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and for some j, f;(&) < f;(x*). Since for all i =1,2,....¢, ¢f > 0, we must have

4 4
Y ocfi@) > e fild),
=1 =1

which contradicts the above condition, Zle e fi(x®) < Zle cf fi(x) for all ® € Q. This completes the
proof. (See also Exercise 24.2, part a.)

24.5
Let

fla)=c""f(z)
where € Q = {x : g(x) < 0}. The function f is convex because all the functions f; are convex and ¢f > 0,
1=1,2,...,¢. We can represent the given KKT condition in the form

u >0
Df(z*)+p* " Dg(z*) =0"
pg(@*) =0
g(x*) <O0.
By Theorem 22.9, the point «* is a global minimizer of f over 2. Therefore,
f(z*) < f(x) forall z € Q.
That is,
¢ ¢
chfi(fb*) < Zcffz(w) for all € Q.
i=1 i=1

To finish the proof, we now assume that «* is not Pareto optimal and the above condition holds. We then
proceed using the proof by contradiction. Because, by assumption, * is not Pareto optimal, there exists a
point & € Q) such that

filx) < fi(x*) forall i=1,2,...,¢

and for some j, f;(&) < fj(x*). Since for all i = 1,2,...,¢, ¢; > 0, we must have

¢ ¢
S oerfiat) > fil@),
i=1 i=1

which contradicts the above condition, Ele crfi(x*) < Zle ¢t fi(x) for all ® € Q. This completes the
proof. (See also Exercise 24.2, part a.)

24.6
Let

flx) =" f(=)
where & € Q = {x : h(x) = 0,g(x) < 0}. The function f is convex because all the functions f; are convex
and ¢f > 0,7=1,2,...,¢. We can represent the given KKT-type condition in the form

By Theorem 22.9, the point &* is a global minimizer of f over ). Therefore,

f(x*) < f(x) forall z € Q.
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That is,
¢ ¢
Zcffi(w*) < Zcffl(w) for all = € Q.
i=1 i=1

To finish the proof, we now assume that * is not Pareto optimal and the above condition holds. We then
proceed using the proof by contradiction. Because, by assumption, * is not Pareto optimal, there exists a
point & € Q such that

fl(ﬁ)) < fl(ilf*) for all 7= 1,2, cee ,f

and for some j, f;(&) < f;(x*). Since for all i =1,2,...,¢, ¢! > 0, we must have

¢ ¢
Yocifil@t) > fi@),
i=1 i=1

which contradicts the above condition, Zle el fi(x*) < Zle e fi(z) for all @ € Q. This completes the
proof. (See also Exercise 24.2, part a.)

24.7
The given minimax problem is equivalent to the problem given in the hint:

minimize z
subject to filx) —2<0,i=1,2.

Suppose [z*T,2*]T is a local minimizer for the above problem (which is equivalent to x* being a local
minimizer to for the original problem). Then, by the KKT Theorem, there exists u* " > 0, where pu* € R2,

such that

o |[VAE)T -1
o [%(w*)i—ll] -
*T fl(m*)i - _
K fg(x*)—z*] = 0.

Rewriting the first equation above, we get
mV (@) + paVia(e") =0, py+p; =1
Rewriting the second equation, we get
pi (fi(e®) —2") =0, 1=1,2.

Suppose f;(x*) < max{fi(x*), f2(x*)}, where ¢ € {1,2}. Then, z* > f;(x*). Hence, by the above equation
we conclude that pf = 0.
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